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Richard Feynman @ Annual APS meeting 
"There's Plenty of Room at the Bottom”
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Israelachvili Intermolecular and Surface Forces, 3rd ed.
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Israelachvili Intermolecular and Surface Forces, 3rd ed.
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Atom, molecule or bond Size Energy

Argon 0.40 nm

H20 0.28 nm

Ethanol 0.44 nm

H-H 0.074 nm 432 kJ/mol

C-C 0.154 nm 346 kJ/mol

C-H 0.109 nm 411 kJ/mol

O-H 0.1 nm 459 kJ/mol

Liquid (water) mean free 

path
0.25 nm

Room temperature and 

pressure

Gas (air) mean free path 68 nm

Mean free path is the average distance traveled by a moving particle between 

successive collisions. If length scale is greater than ~ 10 mean free paths, 

continuum mechanics is valid.
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DispersionKeesomDebye
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Dispersion forces between fused silica objects at distances between 25 and 350 nm
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The measurement of van der Waals dispersion forces in the range 1.5 to 130 nm
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A 1963 film by Alfred Leitner demonstrating the remarkable properties of liquid 
helium.
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Gerd Binnig (1986 Nobel Prize for Physics)J.L. Silverberg, APS News , May 2015

Soft matter is a type of matter that can be deformed or structurally altered by thermal or 
mechanical stress which is of similar magnitude to thermal fluctuations.
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Approach

Jump
out of
contact

Force-distance curve measured from suspended graphene sheets (Yu, Dai, unpublished)

Pull-off force
(vdW strength )
Bradley, DMT, 

Maugis-Dugdale, 
JKR, Greenwood…

Pull-in force
(both strength 
and behavior!)

The question:

How does the surface 
deformation affect the 
jump-to-contact point?

Jump
to
contact
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❑ Kinematics

❑ Equilibrium

❑ “Constitutive” laws

AFM cantilever

Probe

Rigid surfaces

Tabor and Winterton (1969)

(interface)

(cantilever)

(non-retarded vdW)
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Gap distance, s

Cantilever position, d

Jump-in

Jump-in

Pulling force, F

Cantilever position, d

Jump-to-contact, pull-in instability, limit-point instability, snap-through instability...
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AFM cantilever

Probe

Deformable surfaces

❑ Kinematics

❑ Equilibrium

❑ “Constitutive” laws

(interface)

(cantilever)

(regular vdW)

For linear mechanical response, the problem remains nonlinear due to vdW interactions!
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 Hankel transform of order 0:

 Inverse Hankel transform of order 0:
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Dimensionless parameters:

A measure of 
compressibility

A measure of 
thickness

A measure of 
deformability

Hannah (1951), Li et al. (2024), Lu & Dai (nonlinear geometry)
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Semi-infinite substrate

 Characteristic lengths

 Effective thickness

 Effective compressibility

 Effective deformability
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 The full form of the problem:

 Elastic half-space with limited deformability 

Zeroth order: 
rigid case
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Surface deformation makes the jump-to-contact occur earlier: 
at a larger cantilever position, with a greater gap, and thus at smaller pulling forces. 
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 Characteristic lengths

 Effective thickness

 Effective compressibility

 Effective deformability

Thin compressible substrates:
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 The full form of the problem

 Thin compressible substrate with limited deformability 

Zeroth order: 
rigid case
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Surface deformation makes the jump-to-contact occur earlier: 
at a larger cantilever position, with a greater gap, and thus at smaller pulling forces. 
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Perturbation solutions work surprisingly well even at moderate thickness and deformability
(high-order terms vanish – checked up to the 11th order)
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Thin incompressible substrate

31

 Effective compressibility

 Effective thickness

 Effective deformability
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 Effective compressibility

 Effective thickness

Compressibility is governed not only by its Poisson’s ratio but also by its slenderness.
(conceptually similar to the effective Reynolds number in fluid mechanics)
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Krieg et al. Nat. Rev. Phys. (2019) 

Theory for 
rigid cases

Mortagne et al. Phys. Rev. E (2017)
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AFM cantilever

Probe

Fluid 
medium

Elastic solids

vdW
interactions

Surface
tension

❑ Elastic substrates (Greenwood 1997; Feng 2000; Wu 2010; Ciavarella et al. 2017; Yu & Dai 2024)

❑ Lquid surfaces (Nan et al. 2005; Ledesma-Alonso et al. 2012; Quinn et al. 2013; Mortagne et al.
2017; Chireux et al. 2018, Beaty & JR Lister 2023)
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AFM cantilever

Probe

Fluid 
medium

Elastic solids

 Characteristic lengths (rigid)

 Effect of surface tension

Comparing the typical deformation of the substrate with surface tension induced 
by the typical vdW force to the characteristic sphere-substrate gap 



37

AFM cantilever

Probe

Fluid 
medium

Elastic solids

 Zeroth-order solution:

 First-order solution:
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This inverse Hankel transform is unbounded!?

❑ The “inner” solution

❑ The “outer” solution

Far-field elastic forces are required to smooth surface deformations convergently!
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First-order correction
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Krieg et al. Nat. Rev. Phys. (2019) 

drag force!?
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https://www.pnas.org/doi/abs/10.1073/pnas.1212100110#con1
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AFM cantilever

Probe

Fluid 
medium

Elastic solids

❑ The sphere-surface gap

❑ The hydrodynamic pressure

❑ The elastic response

❑ The intermolecular interaction

Comparing the hydrodynamic pressure 
with the vdw pressure:



44

 Zeroth-order solution:

Repulsive

Attractive

0.1 1 10

vdW force + Reynolds force

Opaque: constant cantilever speed

Translucent: constant sphere speed
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 First-order solution (small surface tension):

0.01 0.1 1
A good deal of complexities: 
elastic, vdW, viscous forces

Opaque: deformable surfaces

Translucent: rigid surfaces

Typical value: O(1)
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Parabolic, hyperbolic, elliptic PEDs for statics and 
dynamics of continuum.

 Pull-off has been well studied, while pull-
in can reveal more details but is not well 
understood.

 We showed that surface deformation 
can cause the pull-in phenomenon to 
occur prematurely.

 The concept can be readily extended to 
other dynamic, nonlinear systems.

In situ approaching and detaching from a multilayer 
graphene sheet
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