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Van der Waals forces

1959 1961 2024

u MINIATURIZATION | nature electronics

Richard Feynman @ Annual APS meeting
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Light-touch electronicswitha spin

“..As we go down in size, there are a number of interesting problems that arise... There is the
problem that materials stick together by the molecular (van der Waals) attractions...”




Theory and experiments before 1950s
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Intermolecular Interactions

Table 2.2 Common Types of Interactions and their Pair-Potentials w{r} between Two
Atoms, lons, or Small Molecules in a Vacuum (g = 1)°

Type of interaction Interaction energy wir)
: H .
Covalent, metaliic K, 1,0 Complicated, short range
Charge—charge _f’ r ff +Q: Qafdmegr (Coulomb energy)

e @ -
Charge-dipole ¢_r—.— —Qu cos Bdmesr”
Fixed dipols
# )
r — QA 6l amen kT
Freely rotating

Dipole—dipole B ¥

—uqui2 cos B, cos B; — sin @, sin #; cos VAmear

x, ty
— 124 [3(4meo)” kTr® (Keesom energy)
Freely rotating

Israelachvili Intermolecular and Surface Forces, 3rd ed.



Intermolecular Interactions (cont’d)

Charge—non-polar @ v * —Q%af2(Amen)* e’
——— g ——
. % g g a 2 2 2
Dipole-non-polar *—— —waf1 + 3 cos’ By2(aweg)’r®
Fixed
W ¥ a 7 z
—utaldweg)r® (Debye energy)
Botating
Two non-polar molecutes © r = 3 _hve? (London dispersion energy)
.- *-— 4 (dmey)*r®
Q.
B A0 TH_H
Hydrogen bond oz, - | Complicated, short range, energy roughly
A, “H. ¥ .
'\\ o’ proportional to —1/r
y

37 is the interaction free energy or pair-potential (in J); Q. electric charge (C}, u, electric dipole moment (C my); v, ekectric polarizibility
(% m? 1) 1, distance between the centers of the interacting atoms or malecules (m); &, Boltzmann constant {1.381 x 12Ky
7, absolute temperature {K); h, Flanck’s constant (6.626 = 1073 ) s%; %, electronic absorption {ionization) freguency {5~ "); &g, dielectric
permittivity of free space (8.854 x 107 '2 ¢ j~' m™"). The force A} is obtained by differentiating the energy wAr) with respect to
distance r F = —dwdr. The stabilizing repulsive "Pauli Fxclusicn” interactions {not shown) usually fellow an exponential function wir) =
exp(—riry), but for simplicity they are usually modeled as power laws: wirtec -1/ {where 71 = 9-12).

Israelachvili Intermolecular and Surface Forces, 3rd ed.



Typical Molecular and Related Length Scales

Atom, molecule or bond Size Energy

Argon 0.40 nm

H20 0.28 nm

Ethanol 044 nm

H-H 0.074 nm 432 K/mol

C-C 0.154 nm 346 kJ/mol

C-H 0.109 nm 411 kJ/mol

O-H 0.1 nm 459 kJ/mol
;iil;id (water) mean free 0.5 nrm Room tzrrzzseuriure and
Gas (air) mean free path 68 nm

Mean free path is the average distance traveled by a moving particle between
successive collisions. If length scale is greater than - 10 mean free paths,

continuum mechanics is valid.



Induced Dipole-Induced Dipole Interactions Usually

Most |

Table 6.3
in a Vacuum for Various Pairs of Molecules at 293K

mportant

Induction, Orientation, and Dispersion Free Energy Contributions to the Total Van der Waals Energy

Van der Waals Energy Coefficients C (1077% 1 m®)

Similar Molecules D e bye K . Tota{ VDW Energy Cypw [ \
€E€SOM  Dispersion Diyerion
Energy
Electronic Permanent c c c Contribution
Polarizability Dipole lonization ind, orient disp From to Total

i i 2ut g 3aghyy . .
Interacting g (10~m?) Moment  Potential 5 5 0 - Theoretical Gas Law (Theoretical)
Molecules Ameg u(D)® 1= hy(ev)® (Ameg) 3kT(4me) 4(4meo)”  Eq.(6.17) Eq. (6.14) | (%)
Ne—Ne 0.39 0 21.6 0 o] 4 4 4 100
CHy—CHy 2.60 0 12.6 0 o] 102 102 101 100
HCI—HCI 2.63 1.08 12.7 6 11 106 123 157 86
HBr—HBr 3.61 0.78 11.6 4 3 182 189 207 96
HI—=HI 5.44 0.38 104 2 0.2 370 372 350 99
CH3CI—CH;CI 4.56 1.87 1.3 32 101 282 415 509 68
NH3—NH3 2.26 1.47 10.2 10 38 63 111 162 57
H,0—H,0 1.48 1.85 12.6 10 96 33 139 175 24

W agz +Ujaor uiu} 3apapzhrir;

Dissimilar Molecules (8meq)? 3kT(Ameg)? 2(8meg)? (vq+1v3)
Ne—CHy 0 0 19 19° — 100
HCI=HI 7 1 197 205 — 96
H,0—Ne 1 0 11 12 — 92
H;0—CHa 9 0 58 67 — 87
1D =3.336 x 107 Cm \. J

b1 eV = 1.602 x 107'7)
“This approximate value may be compared with the ab initio calculation by Fowler et al.

, (1989) that gives 23 x 1077% I m®.



Rouweler and Overbeek (1971)

Dispersion forces between fused silica objects at distances between 25 and 350 nm

d (nm)
F-] 50 100 200 300
T T T

log F (dyn)

s 25 s
log d (cm)
fused silica, B = 1.05x 10~1? erg cm, Ry = 413.5 cm, Ry = 83.75cm.

Fig. 2.—Attraction between a flat plate and a plano-convex lens of fused silica. The upper line
represents the system with the 413.5 cm radius lens, 6 series of measurements are reported. The
lower line represents the systemn with the 83.75 cm radius lens, here 5 series are reported. Crosses
indicate forces measured with a standard deviation in the force of 0.5x 103 dyn ; for dots the stand-
ard deviation is 12x 10~3 dyn. The lines are drawn with a slope of —3.00 corresponding to eqn (2)

and (3); the standard deviation in B amounts 0.04 X 1012 erg cm.



Israelachvili and Tabor (1972)

The measurement of van der Waals dispersion forces in the range 1.5 to 130 nm

doqble | l
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Israelachvili Intermolecular and Surface Forces, 3™ ed.

Superfluid — Helium I

FIGURE 13.5 Liquid helium climbs up t
adsorbed (or condensed) film. At equili
the repulsive van der Waals force acting
the text, show that the film will have tf
contact with the bulk liquid, as in the d

A 1963 film by Alfred Leitner demonstrating the remarkable properties of liquid
helium.
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Soft matter & atomic force microscopy since 90s

Soft matter is a type of matter that can be deformed or structurally altered by thermal or
mechanical stress which is of similar magnitude to thermal fluctuations.

photodiode

laser beam

cantilever

Atomic Force
Microscope (AFM)

SRR ~-
i ....\\

Wy

r.m ERIALSY N

J.L. Silverberg, APS News , May 2015 Gerd Binnig (1986 Nobel Prize for Physics)
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Jump-to-contact with soft matter

50 ,
I Approach
> i
L @
Z
~ -80}
Q Jump
% out of
i tact
- 100 I contac Pull-off force
. i (vdW strength)
Bradley, DMT,
i /\/Mougis-DugdoIe,
150 1 JKR, Greenwood... |
I 1 1 I 1 1 | 1

-100

-50 0

Distance (nm)

. Jum
Pull-in force ™\ ;, P

i -5t (both strength \contact
| and behavior!)

The question:

How does the surface
deformation affect the
jump-to-contact point?

___________________________________

Force-distance curve measured from suspended graphene sheets (Yu, Dai, unpublished)
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Rigid case: Theoretical settings

O Kinematics

AFM cantilever

d=04+ 5+ dpet
O Equilibrium

F = fS Pvaw dS  (interface)

F =5k (cantilever)

O “Constitutive” laws

Pvdw = A/w? (non-retarded vdW)

——————————————————————————————————————————————————

Tabor and Winterton (1969)
15



Rigid case: A saddle-node bifurcation problem

Gap distance, s Pulling force, F
A / A
Jump-in - -
-
P d g -
S l___
¢ \ g
N /
~ ~ Fc Lo
S o |
Jump-in S~ |
|
! l IS
| |
| ~ | .
dc Cantilever position, d dc Cantilever position, d
d=s+ Tk F =7nAR,/s?

Jump-to-contact, pull-in instability, limit-point instability, snap-through instability...

16



Deformable case: “Enhanced” vdW interactions

Q Kinematics
d=04 s+ dpet

O Equilibrium
F = fs Pvaw dS  (interface)
F—=ké (cantilever)

O “Constitutive” laws

Pvdw = A/ (ws = w)3 (regular vdW)

Deformable surfaces

w(r) = [po Pvaw (2)G(r — x) d*x

(Continuum with linear response, e.g., linear solids, plates, shells, stretched membranes, liquid surfaces...)

For linear mechanical response, the problem remains nonlinear due to vdW interactions!
17
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Elastic solids with a finite thickness

O Hankel transform of order O:

(€)= = Jo f(r)Jo(&r)rdr

O Inverse Hankel transform of order O:

f(r) =Hg ' LF©) =[5~ F(€)To(€r)é dé

_________________________________________________________________________________________

'] — = _ 1-v 3—4v) sinh (2€¢)+2£t i
B(E) = K(O)Buaw(),  K(E) = 152 x ey Crimsmh ey e

_________________________________________________________________________________________

Hannah (1951), Li et al. (2024), Lu & Dai (nonlinear geometry)

Dimensionless parameters:

C=Cw)? T =1/t e = e(G,v, Ak, R,)
A measure of A measure of A measure of
compressibility thickness deformability

19
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Elastic half-space

O Characteristic lengths
d=s+53d = s.=(AR./k)'"
1/R, ~ s./02 — L. =+/s.R,

: g :
O Effective compressibility C := (1 — 2v)
O Effective deformability ¢, := %= = 4% ke
ective deformability €, := Gst = GaL e

21



Perturbation theory

O The full form of the problem: P(p) =1/(W, — W)3

Wi(p) = S+3p* and W(p) = e [ Ks(X) (fy~ P(p)Jo(Xp)pdp) Jo(Xp)X dX

O Elastic half-space with limited deformability

W (p) = Wo(p) + esWi(p) + 2Wa(p) + O(€3),

P(p) = Po(p) + €sP1(p) + €1 P2(p) + O(€3)

ﬂ T>1, e<xl1
Wo + e {Wr =+~ [Bo/Ix|] b+ & {wa =t [By/1x]) } +--- =0

2
Zeroth order: (PO — %) + €, <p1 _ %) .y <P2 _ 6‘/1‘//V51 _ 3;/‘%) +...=0
rigid case ~ 7 s

S S
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Premature saddle-node bifurcation structure

D:5+%+126835”854351117265+0(63) and F = 5+ 126833SZQ511/268+0( 2)

1.6_I T T T | T T T T

1 1 1 1 1 1 1 1 I 1 1 1 1 1 1 1 1 1 L
2.75 2.8 2.85 2.9 2.95 3

D = d/s,
Surface deformation makes the jump-to-contact occur earlier:
at a larger cantilever position, with a greater gap, and thus at smaller pulling forces. »;




D, = (

Jump-to-contact point

o
0
o 7
T 8
o - 0.1 1 10 100 0]
s e — .
& g2l T =t/ o
0_ Lol Lo Lol ! 'R
e 10° 102
es = AL, /(Gs?)
277\ 1/3 2835 77/ 6 1/3 4725 77/
Tﬂ) + Goosexais (L — Vs, Fo = (%) — 107ax2175 (L — V)éEs.
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Thin compressible substrates

O Characteristic lengths

=s+ 2 o s, = (AR, /k)Y/3

1/Rs ~ s./02 — L. =+/s.R,

______________________________________________________________________________________________

{(1_2”>t+ e as T <1

______________________________________________________________________________________________

O Effective compressibility (C :=

O Effective deformability €c 1=

Thin compressible substrates:

(1-2v)5 =1—-2v)T 2

w, (1—20)tA _  (1—2v)tk*/3

s« 2(1-v)Gs? 2(1—V)GA1/3R§/3
T <1, C>1, e, arbitrary

26



Perturbation theory
O The full form of the problem P(p) = 1/(W, — W)3
Ws(p) = S + 30
W(p) = ec [y Ke(X) (Jy7 P(p)Jo(Xp)pdp) Jo(Xp)X dX
O Thin compressible substrate with limited deformability

W(p) = Wo(p) + eWi(p) + €2Wa(p) + O(ed),
P(p) = Po(p) + ecP1(p) + €2P2(p) + O(€d)

Zeroth order: ﬂ T, C>1, ex1
rigid case
\( W0—|—€C<W1—P0)+62(W2—P1)—|—"':0

<Po—%>+ec<P 3W1>+e (Pz—% 3W2)+---=0

27



Premature saddle-node bifurcation structure

:(S‘F%)"’Leec"' 51062‘|‘O( ) F = 82+56€C+510€2+O(62>

g

T I T T J
2 1 0 e
[ = - A

1Oglo €c 4-{’*’
P 7

AT

T ]

2.8 2.85 29

D =d/s.

Surface deformation makes the jump-to-contact occur earlier:

at a larger cantilever position, with a greater gap, and thus at smaller pulling forces.
28



The jump-to-contact point

_ 1/3 1 _ (27w \1/3 1 _ (m\1/3 1
SC e (27“-) / _|— %€C7 ‘DC = ( 4 ) _|_ EEC’ a:nd ‘FC — (Z) - E C
3.6 - — 1.2 :
- 1 L ]
0 d 1 ]
I L ] _
34 Order e, g P eeeeeesemusostagT 3 T =1/l
* ---- Order €! /A & 0.8 Jeas\% 10
< ‘ 15 N %‘o
° 32+ - —~ L \
~= 8 N ¥ 0.6 % _
I @ e . 1
© / i Order € ]
Q st g 1 lo4r | ke
& oL ----Order ¢, . 0.1
- ! 0.2 -
2.8 - SR ﬁ'ﬁimy"&) — i -§
L . .......lx .A.-....‘.l . Ll L ol Ll T R Lol Ly 0.01
1073 1072 107! 100 10* 1073 1072 107! 10° 10!

€. = (1 —2v)tA/[2(1 — v)GsY] e = (1 —2v)tA/[2(1 — v)GsY]

Perturbation solutions work surprisingly well even at moderate thickness and deformability
(high-order terms vanish - checked up to the 11t order)
29
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Thin incompressible substrates

G.v—1/2 T |t

Thin incompressible substrate

1/6
O Effective thickness T.=Lt=_k"1

0. T A/6R2/3 <1

O Effective compressibility C := (1 — 2y)f—g =(1-2v)/T* =0
O Effective deformability ¢ = %= = LA — sl

s»  GRssY  Gqa2/3R%/3

31



Thin systems are easily compressible...

1/6
O Effective thickness T = ﬁ = N’{;G—Rg/g <1

. T 02 _
O Effective compressibility (C := (1— QV)t_; =(1-2v)T 2. 50
r LA | T r T T Ty A Y I
L ] L /1 ]
286 7 = 0.01 Y 9 3 286F 7 = 0.1 g 1
r ! ! X 1
52840 wv=045C=1000 @ © ] 228 0 v=045C=10 A
<. FO v=0495C=100 ¢ ¢ = b o ,—049%5,C=1 s
5 2.820 v =04995, C=10 4 o a3 v =0.4995, C = 0.1 o ]
" ogf [ o ] "\ ogh o’ ]
S 2 o 1 8% o° o
2.78F _ ﬁ : 0P ] 2.78F Eee n009-1]
2.76F - E 2.76f N ]
L Ll Ll L] L MR | L A |
10== 10~ 1052 10=> 102 105
€ = t3A/(GR,s?) €& = t°A/(GR;s))

Compressibility is governed not only by its Poisson’s ratio but also by its slenderness.
(conceptually similar to the effective Reynolds number in fluid mechanics)
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Atomic force microscopy-based mechanobiology

o

m Laser Approach Retraction
Force

Mortagne et al. Phys. Rev. E (2017)

Force

1 A
-0.1
s TR Topography
~ (force error) 2‘ Theory for
(= L o .
2 027 rigid cases
£3
Elasticity -0.37 Gly
Gly
0.4t 3EG
Q\ Deformation 10! 102

d (nm)

“AFM has emerged as a key platform enabling the simultaneous morphological and mechanical

characterization of living biological systems.”

Krieg et al. Nat. Rev. Phys. (2019)
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Flud '

medium 5 1 )
AFM cantileven

G,v,y
Elastic solids
vdW Surface
interactions tension

0..(r,z=0)=p(r)+9V - -n

O Elastic substrates (Greenwood 1997; Feng 2000; Wu 2010; Ciavarella et al. 2017; Yu & Dai 2024)

O Lquid surfaces (Nan et al. 2005; Ledesma-Alonso et al. 2012; Quinn et al. 2013; Mortagne et al.
2017; Chireux et al. 2018, Beaty & JR Lister 2023)
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Effective deformability of an elastocapillary surface

Fluid
medium

AFM cantilever

Elastic solids

A2

O Characteristic lengths (rigid)
s« = (AR, /k)1/3
V., = /s R,

O Effectof surface tension

_ ()
= Gﬁ*,y

_ (1-1)ARL/?

€

T GLST/O- st T

(1—|—F)GSZ/2

Comparing the typical deformation of the substrate with surface tension induced
by the typical vdW force to the characteristic sphere-substrate gap
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Perturbation theory for small deformability
W (R) = Wo(R) + eWy(R) + O(e?), P(R) = Py(R) + ePy(R) + O(e?)

O Zeroth-order solution:

AFM cantilever

Flud
ui 51 '

Wo=20

Py = 4
0 = 37x(R2+25+aS?)3

O First-order solution:

K2(\/m5> (1+4T)E

_ ay—1
Wi =H, 67S(2+aS) 1+TE

_ 8(14asS)
Py = m(RZ+2S5+aS?)% Wi

37



Small surface tension (I = %" «1)

0.5 s
0.45:-
0.4}

0.35 }

F = Fs2/(AR,)

0.25 -

Q2 }

L L 1 0.15_|||||||||||||
1 1.05 181 115165 152 i 105 181 1815

D =d/s, By=di/ s

2
Wi = 6#53/2(21j55)3/2W§ [2(2W3 - R*)¢E (zslis2> W, K (2S’+a52):| _3:‘1;/3



Large surface tension (r= ;27> 1)

EWL(E) + TE2W,(E) = (14 T) By(E)

This inverse Hankel transform is unbounded!?

Q The “inner” solution (I' > 1)

aw @ .
%%% <R ar >+3W(R2+245+a52)3 =0 — W]_()(R)oc—lnR as R — o0

Q The “outer” solution (R=R/T and ==TE%)

AT=(0) /A8 29T(0) 1A 2°Ka (y/S(2+a8)E/T (0)
:Wl( )(:) + :2W1( )(:) (67r5(2+a5) ) — W;”’(R)x —InR as R —0

limp_ o le = limg_, W(O)

Far-field elastic forces are required to smooth surface deformations convergently!

_____________________________________________________________________________________________________



Jump-to-contact on a liquid-like surface

T T T
10—1 T, -
o
=
3
I —2 | . |
§ 10 _ _Wl(z) ]
— W !
1073 5 Ny 024 10 100 1000 o
10~ i [ ]
> L =7/(Ge.) o7
02f \ 1
i o)
7 = s5esy T 07 107 10°
+ [12108 s +5— 2y + IVESERST] _heSie s o= (1 v)AL/[(1 + T))Gs!]

First-order correction
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Speed-dependent behavior in indentation

Force (pN)

= Hertzfit |

ASpeed dependency

600+
400

200

Modulus
change

Contact point

T T
0.0 0.5 1.0 1.5
Distance (um)

2.0

Krieg et al. Nat. Rev. Phys. (2019)

I\ . =
300 Maximum 5
contact force Q
3
200- o
~+
Q
~100~ o)
< z

o Approach
= drag force!? <l | >
O Orfetederannns Al .ss —
— N
O . o
w - : o
-100-1? :€ Deformation (nm) =

- l. Ll L) Ll LS »
5 10 15 20

Tip-sample separation (nm)

“On the other hand, viscous contributions can be
reduced if measurements take place on long
timescales. However, there is a limit on the lowest
achievable indentation speed, as biological systems
can quickly remodel and respond to mechanical
cues..”
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https://www.pnas.org/doi/abs/10.1073/pnas.1212100110#con1

A elasto-capillary hydrodynamic problem

Flud ] O The sphere-surface gap
medium h) I

AFM cantilever 2
h(r,t) = s(t) + 57 —w(r,t)

O The intermolecular interaction

p(’f’, t) = &r h?(r,t)

O The hydrodynamic pressure

124

% =V [MVq(r, t)}

Comparing the hydrodynamic pressure
with the vdw pressure:

O The elastic response

*w(r,t)

367 v L2
)\ = DOTHU«T 022(r,2=0,t) = p(r,t) — q(r,t) + 752

A

43



Perturbation solution

V(R,T) =Vo(R,T)+ eVi (R, T)+ O(e?), €:=

O Zeroth-order solution:

D(T) =S+ = +Ass "

RS 04l
: N
F(T) = 1288 = 1
— 682 Nva* 2 i
~
vdW force + Reynolds force I
“
-0.2
Opaque: constant cantilever speed wsl .
Translucent: constant sphere speed I

A2

Gl sT/(1-v)+7s]

0.8

of

-0.6 L

1 l L y ‘I [T L L L '_
I Attractive]
/
F b
0.1 1 10 -
[ T

A\ = 36mpv, L2 /A

Repulsive |

0 05 1
B=gd/s.

1.5

2.5 3

AA



Perturbation solution

O First-order solution (small surface tension):

F(T) ~ g+ 25+ 1o [ 1.0677+1.9377A55+0.6553A25252-0.2892X2535 | e,

0-6 | T T V T T T I T T T
ok 1 // E \ = 367 v L2
I ¢ Translucent: rigid surfaces o A
TN r / 7] .
Q’.S,O 0.4 / Opaque: deformable surfaces Typical value: O(1)
< F I ]
= 03F . A good deal of complexities:
NL:D* ™ 0.0L_01 1 1 elastic, vdW, viscous forces
I . A\ = 36mpv. L2 /A
A
(N g - Z. Dai*. Jump of an AFM probe towards an
0 - elastic substrate in a liquid environment.
Journal of Fluid Mechanics
010 (2025)
il il.2 .4 1.6
D =d/s,
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Conclusions

O Pull-off has been well studied, while pull-
in can reveal more details but is not well
understood.

O We showed that surface deformation
can cause the pull-in phenomenon to
occur prematurely.

O The concept can be readily extended to
other dynamic, nonlinear systems.

IU(’I“) = fR2 pvdW(m)G('r’ — CL') d2x

In situ approaching and detaching from a multilayer
graphene sheet

Parabolic, hyperbolic, elliptic PEDs for statics and
dynamics of continuum.
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Thanks!

48



