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Consider a linear elastic body with a crack on the x axis and

symmetric loading and elastic properties about the x axis it can be

anisotropic but orthotropic with material directions aligned with the x y
axes We are interested in mode I but the method can be generialized

to other modes and more general anisotropy

Now consider two different load systems

11
yay

Q Q2 are generalized forces such that the tractions and body forces are

ti Q.tl bi Q bi in problem 1

and ti Qeti bi Q.be in problem 2

So you may think of Q's as scaling factors Then 9 s are generalized

displacements such that Q and q form a work conjugate pair for



U i e any deformation field

Q 9 S tinids bi utdv QSti Uids Q S bi atdv

9 S t at ds S b atdv

and similarly 9 S t Uids S b a dV

If both load systems act simultaneously then we will write the totaldisplacement

as

U Q Ud Q2U.tt

where U is the displacement field due to a unitQi and U is the

displacement field due to a unitQ2 At this moment we have

9 S t Q K Q24 ds Sbi Qu Q2Ui dV

Eetugfbiu.la eudsyfbiuldrJQ

Similarly

9 S t u ds S b u doQ S t a ds be a du Q
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9 GjQj or Q Cij 9 Cij Gi dueto Rayleigh Betti reciprocal theorem



Note that Cij ill are structural compliances depending on the crack length1

Now the stored strain energy in the body at fixed generalized displacement
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thickness in the outofplanedirection

The potential energy of the system is a function of the Q and I and

is the strainenergy minus the workdone by the loads
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Now define k to be the stress intensity factor for problem 1 when Q 1

be to be the SIF for problem2 when 02 1 Then due to linear superposition

K k Q kaQ2 G KQ kaQ H is an elastin modulus

H E forisotropicmaterials

Our goal in this business is to determine be given that we have a complete

solution for problem 1

2194 IIe Fa ftpas2Qi9 CijlesQj
a scale factor independent of 1

1k kmQmik sij 7 kikjQ

kiki Id Q 0

Here we can take Q 1 02 0 or Q O Q2 1 or any other combinations

and this relationship holds
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Consider the cross term 7 kik 3 2



k KaZ CaiQi
Kforproblem 1

Therefore K due to problem2 is

K kaQz GQ Q2

Qe e Sst Q ui as S b Qiu dV

t b do not depend on l

k Q kit S t 29 as b 294 dv

But K should not depend on how the loading in problem1 is specified

This means the quantity
20 should be universal for the given geomet

Define the weight function hi as

we kit
giftlifftpped

to denote that

hi can be determinedfrom any problem

K Q S ti kids Q fb hidV

or K Sti kids S b kid



Note that for 2D problems it is common to do the surface integral over the

the boundaryline and the volume integral over the area in which case t is

dropped Wethen have

K tiki dT S b kidA where hi 3 from another
problem

Usually the most useful solution to have is that for a pair of point load

opening the crack The solution can then be used as a Green's function to generat

all other solutions using superposition Let's use weightfunctions to get such a

solution for the centcack

Weknow the following solution
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Now consider a pair of point loads
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For whichtip for the cracktip that appears to grow with increasing

Krisht Fafts
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Mode I weight functions for a semi infinite crack
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we have derived the asymptotic vitriol formode
cracktip
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How to perform Geometry r Fity o arctan

we

at F e

ki 3

É É two 12k cost cost
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Similarly we have by 1 for kit sine sinecos30

In HW3 you will show Mode I weight functions for a semi infinite crack
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