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Circular pressurized bulge

Let's still focus on linear material law and moderate rotation
ʰ NEWCH

In the axisymmetric configuration there's a pair of
r

equilibrium equations see Mansfield 2005

a

Out of plane equilibrium equation

EEE testing r.EE fertr
In plane equilibriumequation
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Let's examine the elastic energy density associated with bending induced

tension and residual tension

Up a BK B n B 4 Bending

Us the Eh Eh Inducedtension

UpvNmes Nm Nm Residual tension

Thesystem can be linearized as long as Us is not important since only this term

involves nonlinear kinematics Forexample whenUp Us i e Eh c Nm bothNru

and Noo approach Nm The in planeequation is satisfied automatically and the out

of plane equation becomes

B74W NmDW p 1 7

The solution can be readily obtained wert
ftpEf

when

To seek Wh note that the solution PW DW o is w Cit calogr for 1 0

and W CsIo Er GK Er where Io andKo are modified Bessel functions of the first

andthe second kind of order 0 Seek solution of 1 1 in the form of MWAW

22 NER o 4 0 i 1 whir catalogr to Ftr
gf

WithBCs you'll be able to figure out c c Cs Ca and G G p or9 8

It has been shown that as Nma cB w 895 1 G 2 j 4 45
Freund Suresh2003



Finally let's discuss the membrane response with Nm o Onceagain start withscaling

En S at E Y v 592 strain level at the center

it is
PIETT the P SIDE

Gu EhE G divitheft

g Paid G yn EE

Need to solve the boundary value problem

Nrr1 Noof r p og Nrr NrrNot og

subject to 4101 0 W101 0 W a o U a one Neglected Nm

Hencky's solution 1915 see NASATechnical Report L 17585
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Hencky solved this problem by assuming the following form

Nrr EhPa I ban t w Eat I am i F
2

Noo Ehpa anti ban t

Plugging theseinto gives

botbae bae P Sbaf 24b e 48boett Sf

b battle 3bibatzb.bz e3 6bibot6bobab4 ba bi aboba ett o

be 1 bi be 2 13bot b6 13 4186 b4 219241163504b

bo be bag dot2azp 394 496pot 1

boho 1 2boaztbza.de 3boa4 2bzaz b4aop4t o

o Ao 1bo Az 1 12b aft 9b an 17051 5292619

Now the only unknown is bo to be determined with boundary conditions Note that

W o It ppgotra
o has beensatisfied in the assumed form of Nr w The

unused condition comes from UIr a NICE a o since Nm 0 i e

UCr a r.tn Noo vNrul r a r.EnIdlraYrl uNrrTr a o

1 v bo 3 0 it r 15 v 63 4To 0

0 0.2 b 16827 0 0.3 b 1.7244

Jensen 1991 G 410 PÉE 6100.5 0.0523

Komaragiri etat 2005 p 510 Eh 4 Stu 0.7179 0.17060 0.149502
3
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Simplified Kinematics Williams 1997 Wan him 1998 Freund Suresh 2004

Yueet at 2012 Dai et at 2018

The idea is to assume kinematically admissible deformation fields and then

determine the unknown coefficients using the principle of minimum potentialenergy

Forexample a simple two parameter form has been used

iii ii
Then radial and hoop strain components can be calculated immediately

Err 1 2 2 Eoo 1 F

The elastic strain energy per unit area is

Wirs 27Eur Eri 20ErrEoo Go

Thetotal potential energy can be calculated as

T1 Uo 8 2T Uirirdr 2Tpf war dr

The relation between p and S and no can be obtained by solving

840 0 0

I willnot show the results here since the accuracy given by this method

is not satifactory Dai et al PRL 2018 showed using uers no t can

help slightly Furtherimproving the accuracy needs more terms in the assumed

kinematics butwould lose its advantages in simplicity compared toHeniky
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Perturbed spherical cap shapes Dai JAM 2024

The idea is that the shape of the bulge is not a spherical capexactly But

it appears quite close Naturally seek solution around a parabola

S 1 E 121 1 Solution I

was S 1 5 β If as solution I

fell ET 1 E le act Solution

Regarding the in plane displacement field instead of assuming a kinematically

admissible form one can directly solve for it based on in plane equilibrium

equation in terms of displacements

rNur Nov o adf.tt It dy fight o

Themtimtemnowisexplicit

For example plugging war in solution I togetherwith Ulo Uca o can give

an
t

s Eti E

Then we can use kinematic relations to calculate Err Eoo and T S 21 Find

using principle of minimum potentialenergy F 52 0 as well as 1212 1 leadst

ained0257419
1530 Stein did pity

based on
Solution I



Similarly these parameters can be calculated by using solution I II It
it is found Solution I with N 5 works particularlywell Specifically

wars t Ea 7 1 rats fun
987 2310 7110985 38780 319902

121139 670

JEFF

9 014Eh did 71 If OCE

g lens em lit iii e oce

Since Eno 1 for typical v this solution reduces the errors within Eu 1
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Circular pressurized hyperelastic bulge

r r R Z ZIR It R
r ZlJ

to lip
Ka k

a

Ar to In denote principalstretches of themembranealong the radial hoop andthicknessdirection

Ar Jritzi to In a
currentthickness

to initial thickness

We assume the film is incompressible so that or to it 1 i e t to drdo

The volume of the bulge is V f 2Trzdr arr'zdR

The total potential energy can be written as

T Onestapenergy

59 Wto2TRdR pS arr'zdR
2T WtoR prriz dR

Ffr z z

where W W Ar do is the strain energy per unit volume in the undeformed configuration

Therefore I T r r Z Z Let's then examine ST withSR.to since we want to

know G STS tri

Sf Fdr So Frsr Ffsr Ftsz E sz or Flasa

Notethat s E sidR E.sn a Er.sr
o
5oadarEr srdR
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St 5 IEEE s.tl Efn lszJdr
Esla Fast a Flasa Irish ZEszl.JP

Let's first examine the two Lagrangians

Er E 1 tor priz Rf to plz rz

t.fr r 1R2f prz o a

E Ez to R Rtt prr 0

Wis a function of Nr no Need to establish the relation between It andThe

7 2 To 2 its

2 2 io 2to EFE E kite

2 0 2 E Far

Withthese we can rewrite 0 and as

p E.la o Fn2tw R Ful2 R Am

p F 2T RED'Er RCE Eu

What is the physical picture of It Too We learnt Gig 3 so expect EhrandTm

will give rise to something like stress
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1
a

90 holy
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Stored energy Wflo kyto stored energy War dir dotddo ky to

defined in theundeformed configuration War to It dirt 1hdo kyto
but it is thesame in the deformed

iconfiguration when the material is
incompressible

War to xrk.toy.co Wayto

Eitiini
2hr dir 9 2h dio o

dir dio are arbitary so that or toff do toThe We are interested in stress
resultants Nr Grit 2k No Got Zho Now rewrite in terms ofNrNo

p inNo Front RFr toNr Rfr toNr
kono iEiiit jinnzz'notzcttzigedk
sinds.fr

p f ErnoNr REl toNr R r ion
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Material law 12

Having given the equilibrium equations we need to specify a material law to proceed

There are various types of material laws we consider two of commonly used for soft

materials
shearmodulus of the membrane

Neo Hookean model
Effort invariant of Cauchy Greentensor

Gent model W 1 Jmlog i Ij i.e IF triEET

material constant Artist the

Note that as Jm 1 Gent model behaves as I 3 0 Jmi So wewill try Gentmode

with a range of Jm

de
Considerequibiaxial tension to do X in

Not Get lumen 4th Mmanoitine
a

Ma F Gta E and

niminatstetto msn.amTtaixs.x

LinearHooke's law 0 60 E 6M R 1 since u Ey and v at

61M

Jm

Jm
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Using Gent material model we obtain

No atom poemÉ i o into

Xino
No MtoJm of Jm 3 dir to into

Numerics

Let's first solve the system with some natural boundary conditions

Z 101 0 z at 0 reos fig RtuIR o real Lia R 4 a aorgolat 1

You'll find bup solvers notquiteefficientdue to a good deal of nonlineavities May

try to solve a ivpproblem using shooting method The idea is to replace 2 second

order coupled ODEs regarding r Z with 4 first order ODES There are manyoptions

while we take to RoRI tz MR Z Z R PLRI here

redr deformed

dry as
cost In sing Er

AR Ztdz Kr Qt Ko sift
0 v v

doIds drids d ArR infformed
Needto know relations between it No anddr.no Z

X k post to

1k NrfNot ftp.iio ftp.ih NrtNoto
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Theseequations complete the 4 ODES f Yi R which can be solved with

initial conditions 410 given otherparameters including M a Jm P

Dr107 to 101 R 010 0 2107 8

However I and I are not known a priori thevalue of them should ensure that

to 1 and 2 0 at R a

wcotiifzi.ES Eye
solution

F X S F Ro 8 2 ÉÉ ftp.g so

oEulansthetadi11 II G X G GRo So 1 to 8 8 0

NrNo Z

Calculate
to a 11 104 F Ro8 Ro a 1

21aug
FlatExo torso

Nos G N S Zla
2193 s 104 calculated usingto.S Is 5 8 2 no 8 0

Yes
solution

auto auto

Sla Sla

Simple membrane NPW P Goodonlywhen

Foppl membrane Nor Krrt NooKoo P 1H No o KurKoolinearied Ffac1

Nonlinearmembrane OSnapthrough and stiffening for small Jm
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Energy release rate

The membrane substrate interface toughness sayG is finite Theninterested in at which

pressure the interface breaks i e Gaps Go How to calculate this G 3ha

One immediate way is to compute It at given a and p and Te at a tea with Oct 1

Then Gcp limo ie fit Fiate Theotherway is to fing ST 2 asa via

variational analysis Now revisit the boundary terms on Page 108

E sr a Fast a Flasa Insert 2Esz

where F r r z z W r r z toR prr'z
Plog

Ftsu Yator pre sr É Éor_pre sr NYor pre s

Sr o 88101 0 but Sr a Sma rasa 1 r la Sa

Esolo o Fso a MY r pr i r peasa r trust

Nrclost a 1 cost.irlSa

SESE 2 toR pro sz Erthtor priroost Sz ZNde r pracosy sz

SZo 8210 SZ a Fai z asa
2 52 082107 0 sza

ZYM r pracord z pea sa z arsing

Nr asink a patulacost orfind Sa

Flasa Wat.at p.a.ir acosposind Sa

Nracoska Nra acost a Nra asink a pavcosdosind.twatoa pairaol.sind Sa
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G ae.ietiihriijirad tomn

Atsmallstretcher or it Er W INrer INoegat

G Nrci cost NrEr r a

which returns to Kendall's peeling angle obtained using linearelasticity


