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Indentation is one of the simplest ways to feel the stiffness of matter. Interpreting indentation, however,
requires care, especially for thin films—such as biological cells or soft coatings supported by rigid
substrates—because the substrate effect can make a film appear orders of magnitude stiffer than it actually
is. To minimize this artifact, the empirical “10% rule of thumb,”which limits indentation depth to one-tenth
of the film thickness, has often been adopted, though it becomes unreliable and impractical for ultrathin
films. Here, we explore the traditionally forbidden regime: deep indentation, where the indentation depth is
comparable to the film thickness. We develop an asymptotic theory that incorporates nonlinear geometry
and elasticity, elucidating a simple indentation force-depth relation in this deep regime. We further show
that the pull-off force in such indentation tests is remarkably independent of both the material law and
geometric nonlinearity. The results provide a unified framework for interpreting thin-film mechanics under
deep indentation, a regime that is generally much more accessible in experiments on very thin films.
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Poking is an instinctive way to assess the stiffness of an
object [1–4]. For soft, thin objects such as a rubber band/
sheet, this method is sensible when the sheet is held, and the
poking is applied on the suspended region (just like poking
a drumhead). The response, however, is dramatically
different when the same sheet rests flat on a glass table:
the support constrains deformation and makes the sheet
appear much stiffer, especially for larger fingers or thinner
sheets [5].
This simple observation captures the central dilemma in

indentation experiments on thin coatings and biological
cells that are usually supported by rigid substrates [6,7].
To mitigate the substrate-induced stiffening, experiments
commonly employ sharp pyramidal tips (“very small fin-
gers”) and restrict the indentation depth to less than
one-tenth of the film thickness—an empirical guideline
known as the “10% rule of thumb” [8]. However, this rule
is neither reliable nor practical for ultrathin films [8–10].
(i) Theoretical models underlying this rule typically assume
linear elasticity, yet sharp indenters can induce local strains
that exceed the linear regime and even damage the material
[9,10]. (ii) Moreover, even a pyramidal tip has a finite radius
of curvature R (typically tens of nanometers), so the lateral
contact size scales as

ffiffiffiffiffiffi
Rδ

p
, with δ being the indentation

depth [11]. The substrate can then be clearly “felt” whenffiffiffiffiffiffi
Rδ

p
∼ h even at δ ≈ h=10 if R≳ h. (iii) Consequently,

avoiding substrate effects in very thin films requires
extremely shallow indentation (δ ≪ h2=R), entering a
regime where the true contact onset becomes uncertain
due to long-range tip–sample interactions [12,13].

In this Letter, rather than confronting the difficulties
inherent to shallow indentation, we explore a traditionally
“forbidden” and unexplored regime: using large spherical
tips to perform deep indentations beyond the 10% limit
[Fig. 1(a)]. The advantages are immediate. Large spherical
indenters are geometrically well defined, mechanically
robust, and free of local stress concentrations, while deep
indentations generate sufficiently large forces that render
the subtleties of establishing initial contact negligible.
The primary challenge instead lies in developing a model
capable of capturing the mechanical response of a
substrate-confined thin film under strong geometric and
material nonlinearities—a task that has remained elusive.
Remarkably, we show that for this class of problems, the full
three-dimensional nonlinear problem can be reduced to a
simple algebraic relation, rendering the deep-indentation
regime analytically tractable. Furthermore, once adhesion is
established during indentation, we demonstrate that the force
required to detach the indenter is strikingly independent of
both material and geometric nonlinearities, providing a
universal framework for probing adhesion in thin films.
As illustrated in Fig. 1(a), the problem concerns a rigid

spherical indenter of radius R pressing into a thin elastic
film of thickness h ≪ R. In the contact region, the down-
ward indentation displacement can be approximated by

wsðrÞ ≈ δ −
r2

2R
; ð1Þ

where δ is the indentation depth. The objective is to
determine the relationship between the indentation depth*Contact author: daizh@pku.edu.cn
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δ, the contact radius a, and the applied indentation force F
for the elastic film. We start by considering the film as a
compressible neo-Hookean material characterized by a
strain-energy function [14]:

Φ¼G
2
ðI1=I3

1=3−3ÞþGð1þνÞ
3ð1−2νÞðI3

1=2−1Þ2; ð2Þ

where I1 and I3 are the first and third principal invariants of
the right Cauchy-Green tensor of the deformation, and G
and ν are the shear modulus and the Poisson’s ratio, respec-
tively, in the infinitesimal linear elasticity limit. Unless
otherwise stated, we use h ¼ 0.1 mm, R ¼ 10 mm,
G ¼ 1 MPa, and ν ¼ 0.3 for demonstration, and the cor-
responding finite element method (FEM) results for the
indentation problem are shown in Figs. 1(b) and 1(c) (see
Section I.A of [15]).
The horizontal length scale in this problem depends on

both the indentation depth and the sphere radius (
ffiffiffiffiffiffi
Rδ

p
)

[18]. Consequently, the effective thickness of the film is
governed by h=

ffiffiffiffiffiffi
Rδ

p
. The classical Hertz solution,

FHertz ¼
8

3ð1 − νÞGR
1=2δ3=2; ð3Þ

which was developed for an elastic slab, is applicable only
in the extremely shallow indentation regime (δ=h ≪ h=R)
[Fig. 1(b)]. As the indentation depth increases, the

influence of the underlying substrate becomes significant,
requiring, in general, the solution of a mixed-boundary
problem.
However, for ultrathin films, there exists an intermediate

shallow regime in which the film is slender and the
deformation remains small, i.e., h2=R ≪ δ ≪ h. In this
regime, the mechanical response of the film can be
approximated by a Winkler mattress model [i.e., an array
of independent linear springs; Fig. 2(a)], characterized by a
local pressure-displacement relation [16]:

p ¼ 2ð1 − νÞG
ð1 − 2νÞh ws: ð4Þ

Integration over the contact area yields the total load [19]:

FWinkler ¼
2πð1 − νÞGR
ð1 − 2νÞh δ2; ð5Þ

which reproduces the δ2 scaling of the indentation force
observed in the intermediate regime shown in Fig. 1(b).

(a)

(b)

(c)
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FIG. 1. (a) Schematic of large-sphere deep indentation: a rigid
indenter of radius R subjected to indentation force F penetrates a
soft film of thickness h ≪ R by a depth δ, generating a contact
radius a. (b) Indentation regimes governed by δ=h: an ultra-
shallow regime (δ=h ≪ h=R), where the substrate is not felt by
the indenter and the Hertz solution applies; a shallow regime
(δ=h ≪ 1), where the Winkler mattress model is a good approxi-
mation; and a deep regime (δ=h ∼Oð1Þ), which is most sensible
in experiments on ultrathin films. (c) Force-displacement relation
in the deep-indentation regime, where both Hertz and Winkler
models significantly underestimate the force. Markers in (b), (c)
show finite element method (FEM) results for a compressible
neo-Hookean material with R=h ¼ 100.

(a)

(c)

(b)

FIG. 2. (a) Schematic comparison between the classical Win-
kler foundation (an array of linear springs) and the present model
(a gas-elastic spring system). (b) Nonlinear pressure-displace-
ment relation exhibiting compression hardening and tension
softening, in contrast to the linear Winkler response. Dashed
and solid curves correspond to the Winkler model [Eq. (4)] and
our nonlinear model [Eq. (11)], respectively; open circles denote
the gas-elastic spring system [Eq. (12)]. (c) Indentation force-
depth curves for different R=h, predicted by our nonlinear model
in Eq. (14) (solid curves) and by the linear Winkler model in
Eq. (5) (dashed curves), together with numerical results (circles).
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The experimentally accessible indentation range can be
substantially extended by relaxing the constraint δ ≪ h.
However, in such deep indentation regimes, both the Hertz
theory and the Winkler model underestimate the inden-
tation force. This discrepancy is more clearly evident in an
experimentally relevant linear-scale plot shown in Fig. 1(c).
The numerical results begin to deviate from the Winkler
model at approximately δ=h ¼ 0.1, marking the onset of
geometric nonlinearity. It is worth noting that the effective
slenderness of the film increases further in this regime, a
feature that we exploit to develop a nonlinear model for
deep indentation [20].
To describe the geometrical nonlinearities, we consider

the finite deformation described by the mapping x ¼ χðXÞ
from the material point X in the reference configuration to
the spatial point x in the current configuration, with
displacement u ¼ x −X. The deformation gradient tensor
is F ¼ Iþ ∂u=∂X, where I is an identity tensor. We
establish Cartesian coordinates fO; e1; e2; e3g in both con-
figurations, with e3 pointing upward and e1, e2 lying in the
plane. Without loss, we consider thin films with h ≪ l
(where l is some transverse characteristic length) and
introduce the slenderness parameter ϵ ¼ h=l ≪ 1. It is then
natural to scale the components of material coordinates X
and displacement u as ðX̂Þ ¼ ðX̂; Ŷ; ẐÞ ¼ ðϵX=h; ϵY=
h; Z=hÞ and ðûÞ ¼ ðû; v̂; ŵÞ ¼ ðu=ϵh; v=ϵh; w=hÞ. The
deformation gradient tensor can then be rewritten as

F ¼ ðIþ ŵẐe3 ⊗ e3Þ þ ϵðŵX̂e3 ⊗ e1 þ ŵŶe3 ⊗ e2

þ ûẐe1 ⊗ e3 þ v̂Ẑe2 ⊗ e3Þ þOðϵ2Þ; ð6Þ
where the subscripts denote partial derivatives with respect
to the corresponding coordinates. Note that starting from
Eq. (6), we only summarize the asymptotic calculations here;
the full derivations are provided in Section II.C of [15].
Interestingly, to leading order, the deformation gradient

F depends solely on the through-thickness gradient of the
vertical displacement, ŵẐ. This implies that, similar to the
Winkler model, the local pressure is governed exclusively
by the local deformation, even when geometric nonlinearity
is taken into account. Consequently, for a general strain-
energy function, we may express the following asymptotic
expansion:

ΦðFÞ ¼ Φð0ÞðŵẐÞ þ ϵΦð1ÞðŵẐ; ŵX̂; ŵŶ ; ûẐ; v̂ẐÞ þOðϵ2Þ:
ð7Þ

As such, the first Piola-Kirchhoff stress can be given by
P ¼ ∂Φ=∂F, which, together with the leading-order equi-
librium equation at e3 direction, leads to simply

ŵẐ Ẑ ¼ 0: ð8Þ

Combining this with the condition of a fixed lower sur-
face gives a uniform vertical deformation field

ŵ ¼ −ŵsð1þ ẐÞ, where ŵs ¼ ws=h is the normalized
indentation displacement. We then exploit the surface
traction e3 · P · e3jZ¼0 ¼ −p to obtain the pressure-dis-
placement relation:

p ¼ −
dΦð0Þ

dŵẐ

����
ŵẐ¼−ŵs

; ð9Þ

which gives rise to a nonlinear Winkler-type response [15].
Specifically, for isotropic hyperelastic materials, for

instance, the strain-energy function ΦðI1; I2; I3Þ can be
expressed in terms of the three principal invariants of the
right Cauchy-Green tensor C ¼ FT · F. Their leading-order
expressions can be readily calculated using Eq. (6)

I ð0Þ
1 ðŵẐÞ ¼ 3þ 2ŵẐ þ ŵ2

Ẑ
;

I ð0Þ
2 ðŵẐÞ ¼ 3þ 4ŵẐ þ 2ŵ2

Ẑ
;

I ð0Þ
3 ðŵẐÞ ¼ 1þ 2ŵẐ þ ŵ2

Ẑ
; ð10Þ

so that Φð0ÞðŵẐÞ ¼ ΦðI i ¼ I ð0Þ
i Þ, where i ¼ 1, 2, 3. More

specifically, for the compressible neo-Hookean material in
Eq. (2), the pressure-displacement relation simply reads

p ¼
�
2ð1þ νÞ
3ð1 − 2νÞ þ

2ð2 − ŵsÞ
3ð1 − ŵsÞ5=3

�
Gŵs ð11Þ

and reduces to the linear Winkler model [Eq. (4)] in the
limit jŵsj ≪ 1, as shown in Fig. 2(b).
A salient feature of the nonlinear model in Eq. (11) is its

singularity as ŵs → 1 (i.e., full compression) due to the
term ð1 − ŵsÞ−5=3. Interestingly, this behavior is reminis-
cent of a monatomic ideal gas undergoing adiabatic
compression, for which the adiabatic index is γ ¼ 5=3
and the relation pVγ ¼ const holds. For a gas spring
(or pneumatic chamber) with an (effective) initial pressure
p0, the gas volume varies as V ¼ V0ð1 − ŵsÞ, leading
to a pressure increase Δp ¼ p0ðV0=VÞγ − p0 ¼ p0

½ð1 − ŵsÞ−γ − 1�. Note that the exponent γ for a monatomic
ideal gas is thermodynamic in origin, and its similarity to
the present elastic problem lies only in the common power-
law dependence of the free-energy contribution on volume
change. We then introduce a mechanical system that
combines an elastic spring and a gas spring in parallel
to reproduce the nonlinear model, as shown in Fig. 2(a).
Specifically, we set the initial pressure of the gas spring by
matching the singular behavior as ŵs → 1 and then choose
the stiffness of the elastic spring by matching the small-
deformation limit of Eq. (11) as ŵs → 0. This yields

p ≈
2ð4þ νÞ
9ð1 − 2νÞGŵs þ

2

3
G
�
ð1 − ŵsÞ−5=3 − 1

�
; ð12Þ
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which reproduces the compression hardening and tension
softening of the neo-Hookean layer in Eq. (11) with an
error within 2% for jŵsj < 1 [Fig. 2(b)].
To compute the indentation force for a prescribed

indentation depth δ̂ ¼ δ=h, we integrate the normal pres-
sure over the contact area. By changing the integration
variable from rdr to RhdŵẐ according to Eq. (1), with the
integration domain mapped to ½−δ̂; 0�, we obtain a simple
relation

F ¼ 2πRhΦ
�
I ð0Þ
1 ; I ð0Þ

2 ; I ð0Þ
3

�����
ŵẐ¼−δ̂

: ð13Þ

This shows that the full 3D nonlinear problem has reduced
to a simple algebraic relation between F and δ̂, via
exploiting axisymmetry, slenderness, and the spherical
geometry of the indenter. For example, for neo-Hookean
materials described by Eq. (2), we have

F ¼ 2πGRh

�ð1þ νÞδ̂2
3ð1 − 2νÞ þ

3 − 2δ̂þ δ̂2

2ð1 − δ̂Þ2=3 −
3

2

�
; ð14Þ

which agrees closely with the numerical results in Fig. 2(c)
even as δ=h approaches 1. Equation (14) is derived under
the thin-film assumption ϵ ≪ 1 and therefore does not
recover the Hertz regime, which belongs to the opposite
limit ϵ ≫ 1.
The simple form of Eq. (13) enables a convenient

investigation of the indentation response of thin films with
different constitutive laws. We consider neo-Hookean
(N-H), Mooney-Rivlin (M-R), and Arruda-Boyce (A-B)
hyperelastic models, choosing material parameters so that
all reduce to the same small-strain elastic properties ðG; νÞ
(see Section I.B in [15]). As shown in Fig. 3, the predictions
of Eq. (13) exhibit excellent agreement with the corre-
sponding FEM results. Notably, thin films governed by
these three constitutive laws show identical responses at
shallow indentation, as expected, and all display compres-
sion hardening at larger indentation depths.
A direct implication for interpreting indentation experi-

ments is that any of these constitutive relations may be used
to fit experimental data via Eq. (13): they all recover the
same linear elastic properties, provided a good fit is
obtained. Moreover, fitting data at large indentation depths
can yield additional insight into the strain-stiffening behav-
ior of the thin film. We therefore anticipate that, with this
framework, the previously overlooked deep-indentation
regime might serve as a standardized protocol for character-
izing soft thin films such as biological cells, for which
reported mechanical properties using Hertz-type theory and
other methods (e.g., for breast cancer cells) can vary by up
to three orders of magnitude across different studies
[21,22]. In particular, the high compliance of living cells
can make the contact point indistinct in the indentation
curve [12]. Reducing its associated uncertainty typically

requires indentation depths of at least 400 nm, which are
already comparable to the thickness of many cells [23].
Deep indentation is therefore not merely more experimen-
tally accessible than shallow indentation but also a regime
in which reliable interpretation becomes possible
[5,8,10,24].
It is worth noting that the leading-order analysis does not

apply to (nearly) incompressible materials (ν → 0.5), since
Eq. (11) predicts a divergent stiffness in this limit.
However, this singularity should not be interpreted as a
physical singularity, but rather as an indication that the
relevant asymptotic regime has changed. Extending the
model to incompressible materials requires an Oðϵ2Þ
analysis, in which the through-thickness deformation
becomes nonuniform. In Section II.C of [15], we carry
out this higher-order analysis and obtain a nonlinear,
nonlocal pressure–displacement relation. We further show
that the extended model provides good agreement with
FEM results in the (nearly) incompressible regime. In
addition, the analysis motivates an incompressibility
parameter C ¼ 2ð1þ νÞh=½3ð1 − 2νÞR�, which quantifies
the importance of the correction: when C ≳ 1, the second-
order term becomes significant. Nevertheless, for slender
configurations with R ≫ h, the leading-order (compress-
ible) model is not that restrictive, as C ≪ 1 is readily
satisfied as long as ν is not too close to 1=2.
Finally, we discuss the reverse process in which the

indenter is pulled away after a deep indentation has been
performed. In practical settings—such as in cell films
[6,12]—adhesive interactions between the indenter and
the film often develop during indentation. A salient feature

FIG. 3. Comparison between the leading-order theoretical
prediction (curves, given by Eq. (13) and numerical results
(markers) for different material models. We consider neo-Hoo-
kean (N-H, solid curves, circle markers), Mooney-Rivlin (M-R,
dashed curves, triangle markers), and Arruda-Boyce (A-B, dotted
curves, square markers) materials, all calibrated to share the same
small-strain elastic properties. The indentation depth is encoded
by the color bar; empty markers, filled markers with black edges,
and fully colored markers correspond to numerics using
R=h ¼ 10, 102, and 103, respectively.
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of this interaction is the appearance of a finite force
required to detach the sphere from the film, known as
the pull-off force [25,26]. This pull-off force can provide
quantitative insight into cell-cell adhesion or the adhesion
of cell-therapy particles [27–29]. This raises an immediate
question: how do different material laws influence the
magnitude of the pull-off force?
The key to addressing this question lies in determining the

condition at the contact line r ¼ a. In the absence of
adhesion, we assumed that the contact pressure vanishes
at the edge, so that the mapped integration domain used to
derive Eq. (13) is simply ½−δ̂; 0�. In the presence of adhesion,
however, the contact pressure becomes negative, allowing
the sphere to pull the thin film upward by a displacement
δ̂c ¼ δc=h [Fig. 4(a)]. We note that the leading-order
analysis predicts a displacement discontinuity at r ¼ a, as
sketched in Fig. 4(a). The associated error is OðϵÞ (Fig. S4
[15]). An infinitesimal crack advance of width Δr requires
an energy cost of 2πaΔrΓ to create new surfaces, while
releasing elastic energy 2πaΔrΦð0ÞðŵẐ ¼ δ̂cÞ due to the
reduction of the deformed area, where Γ is the adhesion
energy per unit area. Balancing the two gives the fracture
criterion Φð0Þðδ̂cÞ ¼ Γ=h.
Therefore, to incorporate adhesion, the mapped integra-

tion domain simply changes to ½−δ̂; δ̂c ¼ ðΦð0ÞÞ−1ðΓ=hÞ�,

yielding

F ¼ 2πRh
h
Φð0Þð−δ̂Þ − Γ=h

i
: ð15Þ

Since the strain-energy function is positive definite, the
pull-off force corresponds to the maximum value of −F
during withdrawal, which occurs at

δ̂pull-off ¼ 0; ð16Þ

giving

Fpull-off ¼ 2πRΓ; ð17Þ

which is strikingly independent of the constitutive law of
the film. This result is also consistent with the prediction
based on linear elasticity and small deformations [17].
To validate this universal pull-off prediction, we perform

FEM simulations using a cohesive-zone model to represent
adhesion [see Fig. 4(b)] [30]. At the microscopic level, the
cohesive traction increases with the local separation
between the two surfaces, reaching a peak value σ0 at a
characteristic separation Z0, beyond which the traction
rapidly decays to zero. The area under this traction-
separation curve corresponds to the macroscopic adhesion
energy Γ. Thus, once Γ is specified, a single additional
parameter determines the cohesive behavior; here we take it
to be the nondimensional ratio σ0h=ðGZ0Þ. In the numeri-
cal simulations, we test two representative values,
σ0h=ðGZ0Þ ¼ 0.1 (gray markers) and 1.0 (yellow markers),
as shown in Fig. 4(c). Our theoretical predictions for both
the pull-off displacement in Eq. (16) (dashed line in the
inset of Fig. 4) and the pull-off force in Eq. (17) (solid line
in Fig. 4) show excellent agreement with the numerical
results across a broad range of adhesion energies and for all
three constitutive laws considered. Such a constitutive-law-
independent relation provides a foundation for character-
izing adhesion in thin-film systems of diverse material
behaviors [31].
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