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 A B S T R A C T

Ultrathin elastic films are central to flexible electronics and sensing devices, where mechanical reliability is 
governed by the coupling between film elasticity and interfacial adhesion. Unlike bulk materials, these films 
are often characterized through out-of-plane loading into blister-like configurations. Although the mechanics 
of blisters at equilibrium have been extensively studied, the onset of blister formation remains less well 
understood, particularly because early-stage peeling can involve instability mechanisms such as snap-through 
and wrinkling. Here, we study the peeling of an ultrathin elastic film adhered to a rigid substrate under 
cylindrical loading, with van der Waals interactions incorporated at the interface. Using numerical simulations, 
scaling arguments, and linear stability analysis, we analyze the critical conditions for snap-through and the 
subsequent onset of wrinkling. We show that deformation outside the loading region contributes significantly 
to the critical peeling force, explaining the experimentally observed thickness dependence of the peak peeling 
force. We further determine the critical loading conditions and associated wrinkle modes, revealing how film 
elasticity and loading geometry govern wrinkle onset. The results enable the extraction of small-scale interfacial 
parameters that are difficult to obtain in steady-state blistering and also might be useful for applications that 
exploit these instability phenomena.
. Introduction

Driven by the increasing demand for device miniaturization and 
ntegration [1], ultrathin films have become essential functional com-
onents in flexible electronics, sensors, and related technologies [2–4]. 
n many of these systems, robust film-substrate adhesion is required to 
aintain structural integrity and ensure reliable device operation [5–
]. Accurate characterization of interfacial properties such as adhe-
ion energy is therefore critical [8]. However, as the film thickness 
ecreases, conventional adhesion measurements, such as peel tests, 
ecome increasingly difficult to implement [9–12]. To address this 
hallenge, blister tests [13,14] (which might be regarded as axisymmet-
ic peel) have been developed and applied to thin films with thicknesses 
anging from the subnanometer scale to microns [15–20].
Compared with one-dimensional peel, axisymmetric peel is gov-

rned by intrinsic geometric nonlinearities, making the evaluation of 
he energy release rate more subtle [21–23]. Recent theoretical ad-
ances have incorporated both geometric and constitutive nonlineari-
ies, leading to tractable descriptions of the steady-state energy release 
ate in axisymmetric peel [24–28]. Beyond the steady state, however, 
 quantitative understanding of how the system approaches this state 
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is also important for metrology and for applications involving film 
transfer and strain engineering [4,29,30]. For ultrathin films, resolv-
ing this early-stage peel process remains highly nontrivial [31–33]. 
Recent in situ experiments, for example, have shown that blister for-
mation generally occurs only after the applied load reaches a critical 
value [19]. This abrupt transition is reminiscent of snap-through in-
stabilities, which have also been observed during the formation of 
adhesive contact [34,35]. Moreover, in 2D material systems or liquid 
blister tests, this transition is often accompanied by wrinkling, which 
further alters the stress distribution and overall morphology of the 
film [15,36–38].

These observations motivate a quantitative study of the axisymmet-
ric peel experiment, in which early-stage peel provides a direct route 
to probing instability-mediated interfacial mechanics in ultrathin films. 
Here, we examine how loading geometry, film thickness, and inter-
facial parameters govern the critical conditions for snap-through and 
wrinkling, and establish the corresponding scaling relations. The paper 
is organized as follows. Section 2 introduces the theoretical model 
and its nondimensionalization. Section 3 discusses the critical force 
for snap-through, analyzes its thickness dependence, and demonstrates 
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Fig. 1. (a) Scanning electron microscope (SEM) images of the axisymmetric peeling experiment of ∼1-nm-thick graphite flake, showing the occurrence of snap-
through and wrinkling instabilities (upper panel); schematic illustration of the theoretical model (lower panel). The inset shows the normalized traction–separation 
relation for the van der Waals interaction described by Eq. (2.2). (b) Typical force–displacement curves measured in the axisymmetric peeling experiments on 
graphite nanoflakes [19]. The film undergoes snap-through (as indicated by the dashed line) after reaching the peak force 𝐹max. The square marker at the end 
of the curve indicates rupture of the blister. The inset plots the experimentally measured critical force 𝐹max as a function of film thickness 𝑡. The indenter radius 
is 𝑎 = 1.5 μm for both datasets. Note that SEM images in this work are from tests on different samples following the method reported in [19], while the data in 
(b) are directly from [19].
how interfacial parameters can be extracted. Section 4 examines the 
onset of wrinkling, including the critical deflections and wrinkle modes. 
Finally, we summarize our main findings in Section 5.

2. A theoretical model

2.1. Governing equations

Inspired by the setup in Ref. [19] (see Fig.  1a), we consider the 
peeling of a nanoflake from a rigid substrate under cylindrical loading 
with radius 𝑎. Unlike previous studies showing delamination at the 
indenter-film interface [39], this type of debonding was not observed in 
repeated experiments reported in this work. The mechanical response 
of the flake is modeled as a continuum plate with thickness 𝑡, bending 
rigidity 𝐵, Poisson’s ratio 𝜈, and Young’s modulus 𝐸. Since the focus is 
on the early stage of peeling, a normal van der Waals (vdW) traction 
is introduced over the entire film-substrate interface, thereby avoiding 
the need to track the delamination front explicitly [40,41]. Assuming 
linear elasticity and moderately large deflections, we employ the Föppl–
von Kármán plate theory to describe the axisymmetric deformation 
of the nanoflake [42]. The emergence of wrinkles, which breaks this 
axisymmetric configuration [43], will be discussed in later sections.

Specifically, we denote the vertical deflection of the film (the up-
ward displacement from its equilibrium position) as 𝑤, the out-of-plane 
equilibrium equation can then be written as: 

𝐵∇2
𝑟
(

𝜅𝑟 + 𝜅𝜃
)

−𝑁𝑟𝜅𝑟 −𝑁𝜃𝜅𝜃 + 𝑞(𝑤) = 𝐹
𝛿 (𝑟 − 𝑎)
2𝜋𝑟

, (2.1)

where ∇2
𝑟𝑓 = d2𝑓∕d𝑟2 + 𝑟−1d𝑓∕d𝑟 is the 2D axisymmetric Laplacian, 

𝛿(𝑟) is the Dirac delta function. 𝑁𝑟 and 𝑁𝜃 denote the radial and 
circumferential stress resultant, respectively. Also, 𝜅𝑟 = d2𝑤∕d𝑟2, 𝜅𝜃 =
𝑟−1d𝑤∕d𝑟 denote the radial and circumferential curvatures. The van der 
Waals traction 𝑞(𝑤) between the film and the substrate is described 
using the Lennard-Jones-type potential [41,44]: 

𝑞(𝑤) = 8𝛤
3𝜎

[

1
(𝑤∕𝜎 + 1)3

− 1
(𝑤∕𝜎 + 1)9

]

, (2.2)

where 𝛤  denotes the adhesion energy, and 𝜎 represents the equilibrium 
separation where 𝑞 = 0. The resulting normalized traction–separation 
2 
law is illustrated in the inset of Fig.  1a. In addition, the in-plane 
equilibrium equation must also be satisfied: 
d
d𝑟

(

𝑟𝑁𝑟
)

−𝑁𝜃 = 0. (2.3)

By introducing the Airy stress function 𝜑 with 𝑁𝑟 = 𝑟−1d𝜑∕d𝑟 and 𝑁𝜃 =
d2𝜑∕d𝑟2, in-plane equilibrium Eq. (2.3) is automatically satisfied and 
is replaced by the compatibility equation that the Airy stress function 
must satisfy: 

𝑟 d
d𝑟

[

1
𝑟
d
d𝑟

(

𝑟
d𝜑
d𝑟

)]

= −𝐸𝑡
2

( d𝑤
d𝑟

)2
. (2.4)

Eqs. (2.1) and (2.4) define a complete boundary-value problem for 
𝜑 and 𝑤, which requires seven boundary conditions. The far-field 
condition corresponds to the undisturbed state at infinity: 

𝑤, d𝑤
d𝑟

→ 0 and 𝜑 →
1
2
𝛾𝑟2 as 𝑟 → ∞, (2.5)

where 𝛾 denotes the pre-tension in the film, which may arise from 
growth, transfer processes, or thermal mismatch [4,45,46]. At the 
edge of the loading region, a peeling height 𝑑 and clamped boundary 
conditions are imposed: 

𝑤 (𝑎) = 𝑑, 𝑤′ (𝑎) = 0, 𝑢(𝑎) = 𝜑′′ (𝑎)−𝜈
𝜑′ (𝑎)
𝑎

= (1−𝜈)𝛾, 𝜑 (𝑎) = 0. (2.6)

Finally, for a given 𝑑, the required peeling force 𝐹  can be obtained by 
integrating the van der Waals traction over the entire interface. It is 
worth noting that, at later stages of delamination, the finite boundary 
of the film may influence the mechanics through effects such as inter-
facial sliding, which could invalidate the far-field boundary condition 
and even the axisymmetric assumption. However, for the early-stage 
peeling considered in this work, the far-field boundary condition is 
appropriate, as also confirmed numerically.

2.2. Nondimensionalization

Since the peeling process is governed by the van der Waals in-
teraction at the film–substrate interface, its equilibrium separation 𝜎
provides a natural characteristic scale in the out-of-plane direction, 
while a lateral length 
𝓁 =

(

𝐵𝜎2∕16𝛤
)1∕4 (2.7)
vdW
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is introduced, representing the characteristic scale over which the bend-
ing strain energy density (∼ 𝐵𝜎2∕𝓁4

vdW) is comparable to the adhesion 
energy per unit area (𝛤 ). We then take the following nondimensional-
ization:

𝑊 = 𝑤
𝜎
, 𝛿 = 𝑑

𝜎
, 𝜂 = 𝑎

𝓁vdW
, 𝑅 = 𝑟

𝓁vdW
, 𝛷 =

𝜑
𝐵
,  = 𝐹

4
√

𝛤𝐵
,

𝜏 =
𝛾𝜎

4
√

𝛤𝐵
,  = 𝑁𝜎

4
√

𝛤𝐵
. (2.8)

Here, 
√

𝛤𝐵 defines an elasto-adhesive force scale associated with lifting 
the film by a distance of order 𝜎 over the characteristic delamination 
scale 𝓁vdW (balancing the external work 𝐹𝜎 with the adhesion energy 
𝛤𝓁2

vdW gives 𝐹 ∼
√

𝛤𝐵). With Eq. (2.8), we have the dimensionless 
forms of Eqs. (2.1) and (2.4): 
1
𝑅

d
d𝑅

{

𝑅 d
d𝑅

[ 1
𝑅

d
d𝑅

(

𝑅 d𝑊
d𝑅

)]}

− 1
𝑅

d
d𝑅

( d𝛷
d𝑅

d𝑊
d𝑅

)

+𝑄(𝑊 ) = 0 (2.9)

and 

𝑅 d
d𝑅

[ 1
𝑅

d
d𝑅

(

𝑅 d𝛷
d𝑅

)]

+
( d𝑊
d𝑅

)2
= 0, (2.10)

where the dimensionless vdW traction reads: 

𝑄(𝑊 ) = 1
6

[

1
(𝑊 + 1)3

− 1
(𝑊 + 1)9

]

. (2.11)

Also, a Föppl–von Kármán number 
 = 𝐸𝑡𝜎2∕2𝐵 (2.12)

is defined by comparing the stretching strain energy (∼ 𝐸𝑡𝜀2 ∼
𝐸𝑡(𝜎∕𝓁vdW)4) with the bending strain energy (∼ 𝐵𝜅2 ∼ 𝐵𝜎2∕𝓁4

vdW), 
where 𝜀 is the characteristic in-plane strain and 𝜅 is the typical 
film curvature. Physically, as  increases, the energetic penalty for 
stretching becomes larger compared with that for bending. It is worth 
noting that, for regular films where 𝐵 = 𝐸𝑡3∕12

(

1 − 𝜈2
)

,  can be 
simplified as 6(1 − 𝜈2)(𝜎∕𝑡)2. For few-layer 2D materials, however, the 
value of  simplified this way may be somewhat underestimated due to 
interlayer slips [47,48]. Lastly, the dimensionless boundary conditions 
are given by: 

𝑊 (𝜂) = 𝛿, 𝑊 ′(𝜂) = 0, 𝛷′′(𝜂) − 𝜈
𝛷′(𝜂)
𝜂

= (1 − 𝜈)𝜏, 𝛷(𝜂) = 0,

𝑊 (𝑅) → 0, 𝑊 ′(𝑅) → 0, 𝛷(𝑅) → 𝜏𝑅2

2
as 𝑅 → ∞.

(2.13)

In the numerical calculations, the ‘‘infinity’’ is placed at least at 𝑅 =
1000 to ensure the validity of those far-field boundary conditions.

It is then clear that the problem is characterized by four key 
dimensionless parameters. The first is the lifting/peeling height 𝛿, 
which measures the vertical displacement of the loading region. The 
second is the loading radius 𝜂, which quantifies the size of the loading 
region relative to the characteristic bending length; when 𝜂 ≪ 1, 
the applied load can be approximated as a point force [49]. The 
third is the pre-tension 𝜏, and the fourth is the Föppl–von Kármán 
number , which characterizes the relative importance of stretching 
and bending, with larger values corresponding to smaller resistance to 
bending deformation.

For experiments on graphite nanoflakes with thicknesses of 1–
100 nm [19], representative values are 𝜎 = 1–10 nm and 𝛤 ∼
0.1 J∕m2. Over this thickness range, the bending stiffness increases 
dramatically, from approximately 1 to 108 eV [47,50,51]. These values 
give 𝓁vdW ≈ 0.6–300 nm, while 𝜏 ∼ 1 corresponds to a pre-tension 
of 𝛾 ≈ 1–102 N∕m. Since experimentally used indenters or loading 
disks typically have radii from hundreds of nanometers to microme-
ters [19,40], and residual strains usually remain below 0.1% [52,53], 
regimes with excessively large pre-tension or very small loading radii 
are of limited experimental relevance. Accordingly, the present analysis 
is restricted to the following nondimensional parameter ranges: 
𝜂 ≳ 1, 𝜏 ≪ 1, ≲ 100. (2.14)
3 
3. Critical peeling force

3.1. The snap-through mechanism

Fig.  2a presents the numerical force–displacement curves obtained 
by solving Eqs. (2.9) and (2.10) subject to boundary conditions (2.13), 
using the bvp4c solver in Matlab. These curves are calculated by 
displacement-controlled loading with 𝜏 = 0,  = 30, 𝜈 = 0.165. Under 
force-controlled loading (which is consistent with our experimental 
setup), however, the S-shaped curve leads to a limit-point instability 
once the critical peak force max is reached (point A), after which 
the system jumps directly to point B. This transition corresponds to 
the snap-through phenomenon observed in previous experiments. Fig. 
2b shows the film profiles before and after snap-through. During this 
transition, both the interfacial adhesion state and the film’s deformation 
morphology change substantially. Therefore, this behavior might be 
important for the design of thin film devices with tunable adhesion and 
reversible switching between distinct deformation states, as recently 
demonstrated in Ref. [54].

Given the specified form of the van der Waals interaction, a crude 
estimate of the peeling force can be easily obtained by only integrating 
the van der Waals traction over the loading region: 𝐹in = ∫ 𝑎

0 2𝜋𝑞 (𝑑) 𝑟d𝑟, 
where 𝑞(𝑤) has been introduced in Eq. (2.2). Its dimensionless form is 

in = ∫

𝜂

0
2𝜋𝑄 (𝛿) 𝑅d𝑅 =

𝜋𝜂2

6

[

1
(𝛿 + 1)3

− 1
(𝛿 + 1)9

]

. (3.1)

Apparently, this estimate depends only on the size of the loading region 
and is independent of material parameters such as film thickness. 
However, as shown in Fig.  2a, it underestimates the critical force: the 
prediction from Eq. (3.1), represented by the black dashed curves, lies 
well below the numerical solutions and becomes accurate only when 
the loading radius is sufficiently large. Moreover, this estimate is incon-
sistent with the experimentally measured peak peeling forces shown in 
the inset of Fig.  1b, which exhibit a pronounced thickness dependence. 
These observations indicate that film deformation outside the loading 
region contributes significantly to the peeling force required for snap-
through, particularly when the loading size is relatively small. This 
contribution must therefore be carefully accounted for.

3.2. Correction from outside the loading region

As shown in Fig.  2b, the film deflection remains shallow prior to the 
snap transition, and the van der Waals spacing is near its equilibrium 
separation over the entire interface. Thus, the early-stage behavior can 
be understood from a linearized description of both the film deforma-
tion and the van der Waals interaction. Specifically, the only governing 
equation becomes the linearized out-of-plane equilibrium equation: 
∇4
𝑅 𝑊 − 𝜏∇2

𝑅 𝑊 +𝑊 = 0. (3.2)

Here, ∇2
𝑅 denotes the axisymmetric Laplacian with respect to 𝑅, defined 

in the same way as in Eq. (2.1). Solving Eq. (3.2) reveals a linear force–
displacement response, depending on both 𝜏 and 𝜂 [49]. For our regime 
of interest given in Eq. (2.14) (i.e., large 𝜂 and small 𝜏), the total peeling 
force scales as: 

 = in + out ∼
𝜋𝜂2

6

[

1
(𝛿 + 1)3

− 1
(𝛿 + 1)9

]

+ 𝜂𝛿. (3.3)

More derivational details of out are provided in Appendix. In addition, 
the critical peeling height for snap-through is expected to be on the 
order of 1. This can be seen more clearly in Eq. (2.2), where the vdW 
traction reaches its maximum at the critical peeling height 𝛿in = 31∕6−1. 
Evaluating the force at this critical height gives the corrected estimate 

max ≈
𝜋𝜂2

6

[

1
(

𝛿in + 1
)3

− 1
(

𝛿in + 1
)9

]

⏟⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏟⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏟

+ 𝜂𝛿in

⏟⏟⏟

. (3.4)
in out
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Fig. 2. (a) Numerical force–displacement curves for different dimensionless loading radii 𝜂. The colored curves show the full numerical solutions, while the black 
dashed curves are obtained by integrating the van der Waals traction within the loading region (Eq. (3.1)). Here, 𝜏 = 0,  = 30, 𝜈 = 0.165. The red dots mark the 
states before and after snap through. (b) Film profiles before and after snap-through, corresponding to the marked points in panel (a). The shaded region denotes 
the inner region below the indenter, whose force contribution gives in according to Eq. (3.1).
Fig. 3. Diagram in the 𝜂− 𝜏 space showing the magnitude of out∕in when snap-through occurs, calculated with  = 10, 𝜈 = 0.165. The gray region indicates the 
absence of snap-through, separated from the valid-data region by the black dashed curve. The white curve marks the boundary where out = in. (b) Variation 
of critical out∕in with 𝜂 under different levels of pre-tension, with other parameters kept the same as in panel (a). The left end of the curve is truncated at the 
point where snap-through disappears.
Hereafter, the critical value of 𝐹𝑖 or 𝑖, with 𝑖 = in or out, denotes the 
corresponding contribution to the critical peeling force at the onset of 
snap-through.

To further clarify when the contribution of out must be taken 
into account, we construct an 𝜂–𝜏 phase diagram of out∕in based on 
numerical calculations, as shown in Fig.  3a. The results are obtained 
for  = 10, but the diagram shows no fundamental changes over the 
range 10 ≲  ≲ 100. Interestingly, snap-through is suppressed below a 
critical loading radius, which increases slightly with pre-tension. Fig.  3b 
further quantifies how the relative contributions of out and in to the 
peak force vary with loading radius under different pre-tensions. The 
observed scaling out∕in ∼ 𝜂−1 agrees with Eq. (3.4). As 𝜂 increases, 
out becomes progressively smaller relative to in, indicating that the 
peak peeling force is increasingly dominated by the direct contribution 
from vdW tractions in the loading region.
4 
3.3. Thickness dependence of the snap-through force

After discussion on the outer deformation contribution out , we 
can now rationalize the thickness dependence of the critical peeling 
force. Since the critical peeling height is small, the bending stiffness 
of graphite flakes can be well approximated by 𝐵 ∝ 𝐸𝑡3 [47,48]. 
Accordingly, Eq. (3.4) gives a correction to the thickness dependence 
of the critical peeling force: 

out =
𝐹out

4
√

𝛤𝐵
∼ 𝑎

𝓁vdW
= 𝜂, 𝐹out ∼ 𝑎𝛤 3∕4𝐸1∕4𝑡3∕4𝜎−1∕2. (3.5)

In Fig.  4a, we plot the numerically calculated critical peeling force 𝐹out
as a function of the flake thickness by using experimental parameters 
𝜎 = 10 nm, 𝛤 = 0.12 N∕m, 𝐸 = 0.96 TPa, and 𝜈 = 0.165. For relatively 
large loading radii, such as the two curves with 𝑎 ⩾ 1.5 μm, a good 
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Fig. 4. (a) Numerically calculated dependence of critical 𝐹out on the film thickness 𝑡. Here, 𝜎 = 10 nm, 𝛤 = 0.12 N∕m, 𝐸 = 0.96 TPa, and 𝜈 = 0.165 for graphene. 
(b) Extracted interfacial parameters obtained by fitting the numerical results to the experimental data. The remaining parameters are the same as those in panel 
(a).
agreement on scaling can be found between the numerical solutions 
and Eq. (3.5).

However, for smaller loading regions, such as 𝑎 = 0.5 μm, noticeable 
deviations appear for relatively thick samples. This occurs because the 
dimensionless loading radius 𝜂 already approaches order unity, so the 
large-𝜂 scaling in Eq. (3.5) is no longer applicable. In this regime, the 
system gradually crosses over toward the 𝜂 ≪ 1 limit, for which solving 
the linearized Eq.  (3.2) gives 𝐹out ∼ 𝛤 1∕2𝐸1∕2𝑡3∕2. In typical experiments 
where the sample thickness is varied [19], 𝜂 spans a broad range, 
approximately from 100 to 102. Thus, the outer-region contribution 
𝐹out provides an essential correction to the peak peeling force, but its 
relative importance cannot be captured uniformly by a single limiting 
scaling law. Therefore, rather than relying on asymptotic scalings valid 
only in the limiting regimes of 𝜂, a more appropriate approach is to fit 
the experimentally measured 𝐹max using the full numerical solutions of 
Eqs. (2.9)–(2.13).

In Fig.  4b, we keep 𝐸 and 𝜈 fixed at the values used in Fig.  4a, 
while leaving 𝛤  and 𝜎 as adjustable parameters. In the upper and lower 
panels, respectively, we adjust only 𝛤  or 𝜎 to make the numerical 
curves of critical force versus flake thickness enclose the experimental 
data from above and below, which allows the corresponding parameter 
ranges to be determined. It can be seen that the numerical solutions 
capture well the thickness dependence of the peak force. Thus, the 
dependence of the peak force on the adhesion energy 𝛤  and the equi-
librium distance 𝜎 provides a route to infer key interfacial properties 
from this critical force measurement. In other words, if either 𝛤  or 
𝜎 is known, the numerical results can be fitted to the experimental 
data to determine the other parameter. This feature is of particular 
interest because the equilibrium distance is generally difficult to quan-
tify using conventional experimental methods based on steady-state 
delamination [14].

4. Onset of wrinkling

Interestingly, snap-through in axisymmetric peeling tests is often 
accompanied by the emergence of wrinkles, as shown in Fig.  5a. This 
behavior can be naturally explained by the present model. Figs.  5b 
and 5c show the numerical distributions of the hoop stress, 𝜃 , in the 
film after snap-through, corresponding to point B in Fig.  2. For small 
pre-tension 𝜏 and large , pronounced hoop compression develops 
immediately after snap-through. The magnitude of this compression 
5 
increases as 𝜏 decreases or  increases. The maximum hoop com-
pressive stress also exhibits a weak non-monotonic dependence on the 
dimensionless loading radius 𝜂: it first increases and then decreases 
as 𝜂 becomes larger. Overall, however, this variation with 𝜂 remains 
relatively modest compared with the effects of pre-tension and film 
elasticity.

4.1. A near-threshold analysis

Observations above indicate that wrinkle formation driven by hoop 
compression must be considered after snap-through. We therefore ex-
amine the critical displacement for wrinkle onset, together with the 
corresponding wrinkling modes. The onset of wrinkling can be analyzed 
within the preceding axisymmetric framework by introducing small 
non-axisymmetric perturbations to the film deflection and the Airy 
stress functions. Specifically, we take 
𝑍full(𝑅, 𝜃) = 𝑍0(𝑅) + 𝜀𝑍1(𝑅) cos(𝑛𝜃) + 𝜀2𝑍2(𝑅) cos(𝑛𝜃) (4.1)

and 
𝛷full(𝑅, 𝜃) = 𝛷0(𝑅) + 𝜀𝛷1(𝑅) cos(𝑛𝜃) + 𝜀2𝛷2(𝑅) cos(𝑛𝜃), (4.2)

where the subscript 0 denotes the axisymmetric quantities obtained by 
solving Eqs. (2.9) and (2.10) without wrinkling, 𝜀 ≪ 1 is a small pertur-
bation parameter and 𝑛 denotes the wrinkling wavenumber. Substitut-
ing the above expressions into the full (non-axisymmetric) Föppl–von 
Kármán equations yields: 
∇2∇2𝑍full(𝑅, 𝜃) − [𝑍full(𝑅, 𝜃), 𝛷full(𝑅, 𝜃)] + vdW(𝑅, 𝜃) = 0 (4.3)

and 
∇2∇2𝛷full(𝑅, 𝜃) + [𝑍full(𝑅, 𝜃), 𝑍full(𝑅, 𝜃)] = 0, (4.4)

where the vdW traction term is given as 

vdW(𝑅, 𝜃) = 1
6

[

(

𝑍full(𝑅, 𝜃) + 1
)−3 −

(

𝑍full(𝑅, 𝜃) + 1
)−9

]

, (4.5)

and operators now contain polar components:

∇2𝑓 =
𝜕2𝑓
𝜕𝑅2

+ 1
𝑅

𝜕𝑓
𝜕𝑅

+ 1
𝑅2

𝜕2𝑓
𝜕𝜃2

[𝑓, 𝑡] =
𝜕2𝑓

(

1 𝜕𝑡 + 1 𝜕2𝑡
)

+ 𝜕2𝑡
(

1 𝜕𝑓
+ 1 𝜕2𝑓

)

𝜕𝑅2 𝑅 𝜕𝑅 𝑅2 𝜕𝜃2 𝜕𝑅2 𝑅 𝜕𝑅 𝑅2 𝜕𝜃2
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Fig. 5. (a) SEM images from axisymmetric peeling experiments on ∼10-nm-thick (left, relatively small 𝜂) and ∼1-nm-thick (right, relatively large 𝜂) graphite, 
showing increased wrinkle numbers. (b,c) Hoop-stress distributions corresponding to the post-snap-through state (point B in Fig.  2). Results are shown for (b) 
different  and 𝜏 with 𝜂 = 50, 𝜈 = 0.165, and (c) different 𝜂 and 𝜏 with  = 10, 𝜈 = 0.165.
− 2 𝜕
𝜕𝑅

(

1
𝑅

𝜕𝑓
𝜕𝜃

)

𝜕
𝜕𝑅

( 1
𝑅

𝜕𝑡
𝜕𝜃

)

.

Collecting terms according to the order of 𝜀, the leading-order equa-
tions recover the axisymmetric Föppl–von Kármán Eqs. (2.9) and 
(2.10), while the first-order perturbation equations, corresponding to 
terms of order 𝜀, take the following form: 
[

3 − (1 +𝑍0)6
]

𝑍1

2(1 +𝑍0)10
+𝑍′′′′

1 + 2
𝑅
𝑍′′′

1 − 1 + 2𝑛2

𝑅2
𝑍′′

1 + 1 + 2𝑛2

𝑅3
𝑍′

1 +
𝑛2(𝑛2 − 4)

𝑅4
𝑍1

− 1
𝑅2

[(

𝑅𝑍′
1 − 𝑛2𝑍1

)

𝛷′′
0 + 𝑅𝑍′

0𝛷
′′
1 +

(

𝑅𝛷′
1 − 𝑛2𝛷1

)

𝑍′′
0 + 𝑅𝛷′

0𝑍
′′
1
]

= 0,

(4.6)

and 

𝛷′′′′
1 + 2

𝑅
𝛷′′′

1 − 1 + 2𝑛2

𝑅2
𝛷′′

1 + 1 + 2𝑛2

𝑅3
𝛷′

1 +
𝑛2(𝑛2 − 4)

𝑅4
𝛷1

+ 2
𝑅

𝑍′
0𝑍

′′
1 + 2

𝑅
𝑍′

1𝑍
′′
0 − 2𝑛2

𝑅2
𝑍1𝑍

′′
0 = 0.

(4.7)

Here, ()′ denote differentiation with respect to 𝑅. The functions 𝑍𝑛
and 𝛷𝑛 (𝑛 = 0, 1, 2,…) depend only on 𝑅 and have been written in 
abbreviated form. Also, since the governing equations must hold for 
arbitrary 𝑅 and 𝜃, the trigonometric factors have been omitted from 
the above equations.

With 𝜀 taken to be a small parameter, we assume that the boundary 
conditions of the system are fully satisfied by the leading-order solution 
𝑍0(𝑅) and 𝛷0(𝑅). The first-order perturbation terms 𝑍1(𝑅) and 𝛷1(𝑅)
can then be realized with homogeneous boundary conditions: 

𝑍 𝜂 = 𝑍′ 𝜂 = 0, 𝑍 ∞ = 𝑍′ ∞ = 0 (4.8)
1 ( ) 1 ( ) 1 ( ) 1 ( )

6 
and 
𝛷1(𝜂) = 0, 𝑛𝛷′′

1 (𝜂) − 𝜈𝛷′
1(𝜂) = 0, 𝛷′

1(∞) = 𝛷′′
1 (∞) = 0. (4.9)

Fortunately, we do not need to explicitly solve for the first-order terms. 
Instead, as long as the first-order equations, Eqs. (4.6) and (4.7), have 
nontrivial solutions, the axisymmetric configuration loses stability to 
a wrinkled state [43]. Accordingly, Eqs. (4.6) and (4.7), together with 
corresponding boundary conditions (4.8) and (4.9), are discretized with 
finite difference. A nontrivial solution exists when the determinant of 
the coefficient matrix is zero. The detailed implementation is as follows: 
For each integer wavenumber 𝑛, we identify the critical displacement 
𝛿𝑛 at which the coefficient determinant first vanishes. The minimum 
value among all 𝛿𝑛 (we find that due to monotonicity, there exists 
one unique global minimum value) then determines the critical pulling 
displacement 𝛿c for wrinkle onset, while the corresponding value of 
𝑛 gives the number of wrinkles at the onset of this instability. The 
results when 𝜏 = 0 are shown in Fig.  6. To reduce computational cost, 
the analysis is initiated from the displacement 𝛿neg at which negative 
hoop stress first appears. It is worth noting that, 𝛿c − 𝛿neg provides a 
more intrinsic measure of the film’s resistance to compression-induced 
wrinkling than 𝛿c itself. This is because 𝛿neg is determined only by 
the axisymmetric deformation required to generate hoop compression, 
whereas 𝛿c − 𝛿neg measures the additional loading needed for this 
compression to overcome bending stabilization and trigger wrinkling.

4.2. Wrinkle criteria and number

In this section, we understand the dependence of the relative com-
pression 𝛿 − 𝛿  on  in Fig.  6 with a scaling analysis. The general 
c neg
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Fig. 6. (a) 𝛿c − 𝛿neg as a function of  for different loading radii 𝜂. The inset shows the corresponding wrinkle number 𝑛 as a function of . (b) Critical wrinkling 
displacement 𝛿c (solid lines) and post-snap-through lifting height 𝛿B (dashed lines, denoting the displacement corresponding to the post-snap-through point in 
Fig.  2a) as functions of  for different loading radii 𝜂. Both (a) and (b) are obtained when 𝜏 = 0, 𝜈 = 0.165.
strategy is inspired by [55]. Differently, in the zero-pretension regime 
considered here, the in-plane stress in the film is no longer set by the 
applied pre-tension, but is instead dominated by nonlinear stretching. 
This difference calls for a modified scaling analysis.

According to Eq. (2.10), the magnitude of the in-plane stress can be 
estimated as (for clarity, the following discussion is conducted in the 
nondimensional framework): 

𝑅 ∼ 𝜃 ∼ . (4.10)

We denote the radial position of the minimum hoop stress by 𝑅∗, and 
the characteristic curvature of the local stress valley by 1∕𝐿∗. As shown 
in Figs.  5b and 5c, 𝑅∗ remains of the same order of magnitude for 
different values of , and the local stress profiles around minimum are 
approximately self-similar. In contrast, variations in 𝜂 leads to much 
more significant changes in the hoop-stress distribution. A larger 𝜂 leads 
to a broader hoop-compression region, with the location of maximum 
compression shifting markedly outward. We therefore assume in the 
following that 

𝑅∗ ∼ 𝑅∗(𝜂), 𝐿∗ ∼ 𝐿∗(𝜂). (4.11)

When 𝜂 is fixed, the distribution of 𝜃 evolves with the lifting height 
and can thus be expressed as a function of 𝑅 and 𝛿. To understand the 
distribution of 𝜃(𝑅, 𝛿) at the onset of hoop compression, we denote 
by 𝑅∗ = 𝑅0

∗ where the minimum hoop stress first reaches zero. Namely, 
𝜃(𝑅0

∗, 𝛿neg) = 0 where 𝐿∗ = 𝐿0
∗. In this way, the circumferential stress 

may be expanded locally around the critical point (𝑅0
∗, 𝛿neg): 

𝜃(𝑅, 𝛿) = 𝜃(𝑅0
∗, 𝛿neg) +

𝜕𝜃
𝜕𝑅

|

|

|

|

|∗
(𝑅 − 𝑅0

∗) +
𝜕𝜃
𝜕𝛿

|

|

|

|

|∗
(𝛿 − 𝛿neg)

+ 1
2

𝜕2𝜃

𝜕𝑅2

|

|

|

|

|∗
(𝑅 − 𝑅0

∗)
2 +

𝜕2𝜃
𝜕𝑅𝜕𝛿

|

|

|

|

|∗
(𝑅 − 𝑅0

∗)(𝛿 − 𝛿neg)

+ 1
2

𝜕2𝜃

𝜕𝛿2
|

|

|

|

|∗
(𝛿 − 𝛿neg)2 +⋯ ,

(4.12)

where the subscript ∗ denotes evaluation at (𝑅0
∗, 𝛿neg). Since 𝑅 = 𝑅0

∗ is 
a zero-valued local minimum of 𝜃 , the first, second, and fourth terms 
in the above equation all vanish, so Eq. (4.12) can be further simplified 
as: 

𝜃(𝑅, 𝛿) ≈
𝜕𝜃

|

|

| (𝛿 − 𝛿neg) +
1 𝜕2𝜃

2

|

|

| (𝑅 − 𝑅0
∗)

2. (4.13)

𝜕𝛿 |

|∗ 2 𝜕𝑅 |

|∗
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The validity of neglecting other second-derivative terms will be further 
justified later. Furthermore, according to Eqs. (4.10) and (4.11), at the 
onset of wrinkling, the local stress distribution near 𝑅∗ reads: 

(

−𝜃
)

max ∼ 𝛥𝛿, 𝜃 (𝑅) ∼ 𝛥𝛿 +

(

𝑅 − 𝑅0
∗

𝐿0
∗

)2

, (4.14)

where Eq. (4.11) is used to replace the derivatives, 𝛥𝛿 = 𝛿c − 𝛿neg, and 
the prefactors have been omitted since they do not affect the subse-
quent analysis. Here, since the maximum compressive stress (−𝜃

)

max
still occurs near 𝑅0

∗ acoording to Eq. (4.11), only the expansion terms 
associated with 𝛥𝛿 are included. From 𝜃 = 0, we solve for the 
compressed region width 𝐿w = 𝑅|𝜃=0 − 𝑅0

∗ ∼ 𝐿0
∗𝛥𝛿

1∕2, which gives 
our first estimate of the stress state.

In addition, the dominant normal force contributions at wrinkling 
onset are balanced according to Eq. (4.3), including the bending term 
(∼ 𝑛4 𝑊 ∕(𝑅0

∗)
4), the radial stretching contribution (∼ 𝑊 ∕𝐿2

w), and the 
circumferential contribution (∼ 𝛥𝛿 𝑛2 𝑊 ∕(𝑅0

∗)
2). The three balances 

above yield the following result: 

𝐿w ∼ (𝐿0
∗)

2∕3−1∕6, 𝑛 ∼ 𝑅0
∗(𝐿

0
∗)

−1∕31∕3, 𝛥𝛿 ∼ (𝐿0
∗)

−2∕3−1∕3. (4.15)

Since 𝑅0
∗, 𝐿

0
∗ are independent of , this scaling law of 𝛥𝛿 ∼ −1∕3 is well 

validated by the numerical results, as shown in Fig.  6a. Meanwhile, 
Eq. (4.15) also proves that the second-derivative terms neglected in 
Eq. (4.13) are asymptotically small when  ≫ 1, thereby confirming 
the self-consistency of our theory.

The scaling with respect to 𝑛 is not clearly observed in the present 
results. This may be because the range of  considered here is not 
sufficiently large, while the corresponding values of 𝑛 remain relatively 
small. Nonetheless, the increased wrinkle number in relatively thin 
samples (hence of relatively large ) agrees with the observation in 
Fig.  6a qualitatively. However, excessively large values of  fall beyond 
the scope of the present study. At the same time, both the ‘‘over-lifting 
height’’ 𝛥𝛿 = 𝛿c − 𝛿neg for wrinkling and the critical wrinkle number 𝑛
increase slightly with the dimensionless loading radius 𝜂 at fixed , as 
shown in Fig.  6.

4.3. Axisymmetric limits and wrinkle formation

If wrinkling is not considered, the lifting height after axisymmetric 
snap-through is denoted by 𝛿 . Therefore, 𝛿 < 𝛿  indicates that 
B c B
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wrinkling has already occurred in the film after snap-through. Mean-
while, because 𝛿c ≪ 𝛿B, the wrinkles observed in our experiments, 
for example in Fig.  5, have already undergone post-buckling evolution 
and may therefore include sharp ridges or folds. Following the work 
of [56], bending effects are subdominant for 𝛿 ≫ 1, so that the force–
displacement relation may be estimated by a membrane-like analysis:

𝐹 ∼ (𝐸𝑡𝛤 )1∕2 𝑑 or  ∼ 1∕2𝛿. (4.16)

The linearized analysis in Section 3 indicates that the peak force is gov-
erned primarily by the van der Waals traction and film bending, with 
a minor contribution from nonlinear stretching. Therefore, , which 
enters only through the compatibility equation Eq. (2.10), has little 
influence on the peak force. We may therefore infer from Eq. (4.16) 
that: 𝛿B ∼ −1∕2, which is validated by the dashed lines in Fig.  6b. 
Meanwhile, we find that 𝛿c still follows the −1∕3 scaling law for 𝜏 = 0. 
This is because at small pre-tension, 𝛿neg remains very small and then 
has a weak influence on the scaling of 𝛿c−𝛿neg. As shown in Fig.  6b, we 
find 𝛿c ≪ 𝛿B throughout the range of 10 ⩽  ⩽ 100, with the separation 
between these two (dashed and solid curves) becoming particularly 
pronounced at larger 𝜂. Although 𝛿B decreases faster than 𝛿c with 
increasing , which suggest that 𝛿B < 𝛿c could occur in the limit of 
very small 𝜂 and large  (this extreme regime may even allow 𝛿c < 𝛿A
mathematically), we want to emphasize that this regime is unlikely 
to be accessible experimentally. Meanwhile, under these conditions, 
as shown in Fig.  3a, snapthrough may no longer exist. Therefore, 
under typical experimental conditions [19], wrinkling is expected to 
occur right after snap-through, which provides a natural explanation 
for previous experimental observations [19,37,57].

5. Conclusions

In this work, we have investigated the axisymmetric peeling of 
thin elastic films from a rigid substrate under cylindrical loading, 
focusing on the onset of snap-through and the subsequent wrinkling 
instability. By incorporating a nonlinear van der Waals traction law into 
a Föppl–von Kármán plate model, we developed a unified framework 
for describing the early-stage peeling process before the formation of a 
steady blister. The analysis shows that the critical peeling force cannot 
be determined solely from the van der Waals traction acting within 
the loading region. Instead, deformation outside the loading region 
provides an important additional contribution, especially when the di-
mensionless loading radius 𝜂 is not sufficiently large. This outer-region 
correction explains the experimentally observed thickness dependence 
of the peak peeling force and provides a practical route for extracting 
interfacial parameters, such as the adhesion energy 𝛤  and equilibrium 
separation 𝜎, from critical peeling force measurements.

We further examined the onset of wrinkling after snap-through by 
introducing small non-axisymmetric perturbations to the axisymmet-
ric solution. The post-snap-through state develops hoop compression, 
which can destabilize the axisymmetric configuration and trigger wrin-
kle formation. The resulting near-threshold eigenvalue analysis deter-
mines both the critical wrinkling displacement and the corresponding 
wrinkle number. In the absence of pre-tension, the numerical results 
are well captured by the scaling law 𝛿𝑐 − 𝛿neg ∼ −1∕3, indicat-
ing that the resistance to compression-induced wrinkling is primarily 
governed by the film elasticity. Comparison between the wrinkling 
threshold and the post-snap-through lifting height further suggests 
that, under typical experimental conditions, wrinkling occurs almost 
immediately after snap-through. Overall, these results clarify how in-
terfacial adhesion, film elasticity, and loading geometry jointly govern 
instability-mediated peeling and provide theoretical guidance for in-
terpreting axisymmetric peeling experiments and designing thin-film or 
2D material systems with tunable adhesion and switchable deformation 
states.
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Appendix. Outer-region contribution to the peeling force

Here we briefly derive the outer-region force contribution used 
in Eq. (3.3). Outside the contact region, 𝑅 > 𝜂, the deformation is 
governed by the linearized plate-on-foundation equation: 

∇4
𝑅 𝑊 − 𝜏∇2

𝑅 𝑊 +𝑊 = 0. (A.1)

The boundary conditions at the periphery of the indenter are
𝑊 (𝜂) = 𝛿, 𝑊 ′(𝜂) = 0,

while the far-field conditions are
𝑊 (𝑅) → 0, 𝑊 ′(𝑅) → 0, 𝑅 → ∞.

Eq.  (A.1) can be factorized as
(∇2

𝑅 − 𝜆+)(∇2
𝑅 − 𝜆−)𝑊 = 0,

where

𝜆± = 𝜏 ±
√

𝜏2 − 4
2

.

The axisymmetric solution is therefore
𝑊 (𝑅) = 𝐶1𝐾0(𝜆

1∕2
+ 𝑅) + 𝐶2𝐾0(𝜆1∕2− 𝑅),

where 𝐾𝑛 denotes the modified Bessel function of the second kind. 
Defining 𝐾0± = 𝐾0(𝜆

1∕2
± 𝜂), 𝐾1± = 𝐾1(𝜆

1∕2
± 𝜂), the two constants are 

obtained as

𝐶1 =
𝐾1−𝜆1∕2− 𝛿

𝐾0+𝐾1−𝜆
1∕2
− −𝐾0−𝐾1+𝜆

1∕2
+

,

and

𝐶2 =
𝐾1+𝜆

1∕2
+ 𝛿

𝐾0−𝐾1+𝜆
1∕2
+ −𝐾0+𝐾1−𝜆

1∕2
−

.

The outer-region force is then obtained by integrating the restoring 
traction from the foundation outside the contact region,

out = 2𝜋 ∫

∞

𝜂
𝑊 (𝑅)𝑅 d𝑅.

Therefore, we obtain a linear force–displacement relation,
out = 𝐾out𝛿,

with the outer indentation stiffness
𝐾 = 2𝜋𝜂

(

𝐶 𝜆−1∕2𝐾 + 𝐶 𝜆−1∕2𝐾
)

∕𝛿.
out 1 + 1+ 2 − 1−
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This expression is the complete linear stiffness of the outer region. 
Through an asymptotic analysis of the Bessel functions, the stiffness 
in the parameter regime considered in this work can be obtained as:

𝐾out ∼ 2
√

2𝜋𝜂 for 𝜂 ≫ 1, 𝜏 ≪ 1.

Thus, for the scaling estimate used in the main text,
out = 𝐾out𝛿 ∼ 𝜂𝛿.

In addition, we have
𝐾out ∼ 8 for 𝜂 ≪ 1, 𝜏 ≪ 1,

which leads to the secondary scaling in Section 3.3. More details and 
physical interpretation can be found in [49]. 
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