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Abstract Pre-strain and pre-stress in soft materials have significant effects on their
adhesive behavior, thereby influencing their functions and applications. Whereas prior
theoretical studies on the adhesion of pre-strained elastomers predominantly rely on frac-
ture mechanics frameworks based on the assumption of short-range forces, this study
models surface interactions using the Lennard-Jones potential, thereby elucidating more
intricate details of the adhesive behavior. The results of the proposed model are initially
validated through finite element simulations and the analytical models in the literature.
Subsequently, the effects of substrate pre-stretch on the adhesive behavior, including the
pull-off force, JKR-Bradley transition, jump-in and jump-out instabilities, surface profile,
and pressure distribution, are revealed by the proposed model. Based on the ‘semi-rigid’
theory (SRT), an analytical solution is derived to predict the displacement and central
gap at the jump-in point. A modified Tabor parameter that incorporates the substrate
pre-stretch effect is also proposed. The JKR-Bradley transition characterized by this
modified parameter coincides with the unstretched case. This study offers new insights
into understanding the adhesive behavior of pre-stretched elastomers.
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1 Introduction

Surface adhesion widely exists in both engineering applications and biological systems!* 2.
For example, it plays a pivotal role in manipulating micro/nano-particles using an atomic force
microscope (AFM)[3 4 designing advanced and smart adhesive materials®® ¢l realizing soft
robotic grippingl”, enabling geckos and spiders to adhere to and move across diverse surfaces
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with their feet and setael® ), as well as in surgical tapes for wound closurel!?). The pioneering

research on adhesion can be traced back to Bradley!'!), who first studied how two rigid spheres
adhere to one another by applying the Lennard-Jones potential. Johnson, Kendall, and Roberts
further took adhesive (van der Waals) forces into account in contact mechanics. By extending
Hertz’s solution!*?! for the contact of two elastic spheres and utilizing the global energy balance
method, they developed the classical JKR theory'3. Later, in 1975, Derjaguin, Muller, and
Toporov proposed another classical adhesion model, the DMT modell™ | under the assumption
that attractive forces act only beyond the contact zone and do not affect the deformation of the
spheres. The divergence in the pull-off force estimations between the JKR and DMT frameworks
led to intense debate, which was eventually settled by Tabor!'! through the proposal of a non-
dimensional parameter, expressed as

where R stands for the radius of the sphere, Ay characterizes the interfacial energy, E* denotes
the effective elastic modulus, and zy corresponds to the atomic equilibrium distance. It is now
well established that the JKR theory is applicable to cases with large Tabor numbers, while the
DMT /Bradley framework is more appropriate when the Tabor parameter takes small values.
Maugis'®) used the Dugdale model™™ to describe surface interactions, treating the attractive
force within the adhesive zone beyond the contact region as uniform. An analytical solution
was derived, providing a smooth transition between the JKR and DMT models.

Recently, there has been a surge of focus on adhesive contact mechanics, with specific em-
phasis on soft materials such as rubbers, gels, and biological tissues. These materials often
exhibit low elastic moduli and are capable of sustaining finite pre-stretch or pre-strain without
failurel®® 19 and generally allow a larger interaction area to fall within the range of adhe-
sive forces??). Earlier studies have revealed that the presence of pre-strain and pre-stress
in such soft materials is commonplace and can significantly influence their performance and
functionality?!26]. However, the question of how the presence of pre-strain and pre-stress in
soft materials affects their adhesive behavior still remains largely unsolved.

Experimentally, an important observation is that when a spherical indenter and a cylindrical
indenter come into adhesive contact with a substrate that has been equally biaxially stretched,
the contact area decreases as the degree of substrate stretch increases!?” 28, Frétigny and
Chateauminois?”) and Barney and Zheng[*®! conducted a series of experiments to explore the
adhesion of a rigid spherical indenter on elastomers that had been non-equally biaxially pre-
stretched. Frétigny and Chateauminois focused on the long-term development of the elliptical
contact region, while Barney and Zheng concentrated on its instantaneous evolution. Theo-
retically, since the mechanical behavior of soft materials may significantly deviate from the
assumptions of linear elasticity, He and Dingl®!! investigated the adhesion of a spherical in-
denter and an equally biaxially pre-stretched substrate occupying a half-space based on the
global energy method (JKR theory) combined with the surface Green’s function derived from
an incompressible neo-Hookean model®?!. They predicted that the pull-off force would remain
unaffected by the stretching. Using the same surface Green’s function proposed by Hel32
Frétigny and Chateauminois??! and Barney and Zheng[®®! carried out theoretical investigations
on the adhesion between a rigid spherical indenter and a non-equally biaxially pre-stretched sub-
strate, with the key distinction that they assumed different pressure distributions. In addition,
Zheng et al.33) and Xial*¥ studied adhesive contact problems in constrained swelling hydrogels
and constrained electroactive gels, respectively, which require more specific and complex con-
stitutive models to describe their mechanical behavior. By applying the theory of mixed-mode
interfacial fracture, Argatov and Papangelo[®® investigated the case of post-adhesion substrate
stretching subject to a no-slip constraint. They revealed that the applied stretch drives a con-
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tinuous transition from the JKR curve to the Hertzian curve, which in turn diminishes the
pull-off force.

Both experimental and theoretical studies have made valuable contributions to the under-
standing of the adhesive contact behavior of pre-stretched elastomers. However, the theoretical
studies mentioned above were conducted using global or local energy balance approaches. These
approaches account only for short-range intermolecular forces confined within the contact re-
gion, serving as approximations of the physical reality. In reality, when two objects come
into adhesive contact, the surface interactions are long-range, and the corresponding Tabor
parameter may have arbitrary values. However, the full self-consistent model (FSCM) based
on the van der Waals force has successfully characterized the transition between the JKR and
Bradley/DMT limits639 and is regarded as the most accurate model within the scope of
continuum mechanics*?). More recently, the FSCM has been applied to study the effect of
surface tension on the adhesive contact!*!l and to analyze the adhesion behavior in a graded
elastic substrate!*?l. These advances have motivated us to employ the FSCM to investigate the
adhesive contact of pre-stretched elastomers.

This study extends a self-consistent model based on the Lennard-Jones potential to study
the adhesive contact of pre-stretched elastomers. The remainder of this paper is organized
as follows. Section 2 provides a brief introduction of the surface Green’s function for a pre-
stretched incompressible neo-Hookean elastomer®? and presents a mathematical description
of the current problem. Section 3 presents validation and discussion of the results. Finally,
concluding remarks are presented in Section 4.

2 Model formulation

We study the adhesive interaction between a rigid sphere with radius R and an elastomer
characterized by an incompressible neo-Hookean model and subject to equibiaxial pre-stretch,
as depicted in Fig.1. The surface interactions are considered to be long-range and follow the
Lennard-Jones potential. The elastomer occupies the half-space z < 0 and is equally biaxially
stretched in the plane perpendicular to the z-axis, with a principal stretch A\. The elastomer
has a shear modulus p. The rigid sphere is assumed to move along the z-axis.

We make the following assumptions. First, the adhesive contact of the rigid sphere with the
pre-stretched elastomer is frictionless. Second, the deformations induced by adhesion are small
such that they can be linearly superimposed. Third, the surface energy of the incompressible
pre-stretched elastomer is assumed strain-independent. The motivation for this assumption is
as follows: the elastomers exhibit a solid-like behavior at the macroscopic scale, while retaining
liquid-like characteristics at the microscopic scalel*?l. The stretching of elastomers does not
suppress the fluctuations of monomer positions, enabling monomers within the bulk to migrate
to the surface of the stretched elastomers. Therefore, the energetic cost of creating a unit area
of the elastomer surface is strain-independent!*3!. This view is supported by a recent numer-
ical study!**. Furthermore, experimental evidence from the contact angle measurements by
Schulman et al.[*?! directly demonstrated that the surface energy of incompressible amorphous
elastomers is strain-independent.

As the rigid sphere approaches the elastomer, the interfacial separation h(r) between the
two objects can be written as

2
r

h(r) =—a+ zg + — + w(r), 2

(r) 0+ 3+ ulr) 2

where zg is the equilibrium distance between the two flat and parallel surfaces, in which the

van der Waals force vanishes. The term « represents the vertical displacement of the indenter

with respect to z = —zp. The function w(r) denotes the normal surface displacement of the
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pre-stretched elastomer. According to the coordinate system convention, the values of « and
w(r) are negative in the upward vertical direction.

For an elastomer subject to biaxial stretching, He and Dingl®!l provided a fundamental
solution for incremental surface deformation. A polar coordinate system is defined in the xixo-
plane (perpendicular to the z-axis), with its center at the axis of symmetry, as illustrated in
Fig.2. 0 is defined as the angle between the line connecting a surface point to the origin and
the zi-axis. Under the equibiaxial stretching of the elastomer described by the incompressible
neo-Hookean model, a unit normal load at a surface point & generates a normal displacement
g(1) at position x, which can be expressed as

g(l) = 3)

where | = (r? + t? — 2rt cos §)/? is the distance between x and &, and ¢ is the radial distance
from & to the origin. The term h*()\) is defined asl®!]
A+

SN NG 43N -1

h*(\) (4)

Pre-stretched
elastomer

Fig. 1 Adhesive contact of a rigid spheri- Fig. 2 Schematic diagram of the contact
cal indenter with a pre-stretched elas- interface
tomer, where the radius of the rigid
sphere is R, and the principal stretch
of the elastomer is A

Equations (3) and (4) provide the surface Green’s function for the elastomer in its pre-stretched
configuration. Under the assumption that the displacements induced by adhesion are small, the
incremental displacement field on the surface of the pre-stretched elastomer can be obtained
through linear superposition. The infinitesimal area element at point £ is tdfdt. Given a
specified pressure distribution p(t), the surface displacement w(r) at position & can be obtained
using the surface integral of the product p(t)g(l),

w(r) /Ozn/ooop(t)g(l)thdt Qh;/i)\)/ooop(t)ritl{(iﬁ)dt, 5)

where K (k) is the complete elliptic integral of the first kind, with k& being the modulus.

Here, we assume that the surface interaction follows the Derjaguin approximation(37-46-48]
which assumes that the interaction force between curved and inclined surfaces can be approx-
imated by that between flat and parallel surfaces. This force is considered to act solely in the
axial direction, with the radial components neglected (hence, the contact is frictionless). The



Adhesion of stretched elastomers: a model based on Lennard-Jones potential 1005

Lennard-Jones potential is adopted to capture the adhesive behavior between the rigid sphere
and the pre-stretched elastomer. Accordingly, the pressure distribution p(r) can be expressed

asl19)
p(r) = *8363 ((h?i))g - (h?i))g)’ ©)

where A7y denotes the interface energy between the rigid sphere and the elastomer. Therefore,
the total force acting on the rigid sphere can be expressed as

P= /000 p(r)2mrdr. (7)

By substituting Eq. (6) into Eq. (5) and then the latter into Eq. (2), a closed-form self-consistent
equation is derived for the current adhesive contact problem, where the interfacial separation
h(r) is an unknown function. The governing equation is expressed as follows:

2

r * > z z Vrt
=g =l [ () - i) ) G @

When A = 1, we have h* = 1/2. Owing to incompressibility, Poisson’s ratio v is 0.5. The
effective elastic modulus is given by E* = E/(1 — v?), where E denotes the elastic modulus,
and the shear modulus is expressed as 4 = E/(2(1 4+ v)). Thus, we have y = E*/4. Then,
Eq. (8) can be reduced to

r2 32Ay [ zo \3 z0 \2\ ¢ 2V/rt
=0 o BB [ () - () )k G o
(1) =—a+2+ 58~ 3 Fa /0 h(t) nt)y) Jr+t \r+t ©)
which corresponds to the classical self-consistent equation for the adhesive contact of a rigid
sphere with an elastic half-space modeled as a linear elastic constitutive model (without pre-

stretch)(36-37:50],
For the purpose of nondimensionalization, we define the following dimensionless parameters:

H="h/z—1, (10)
A= a/z, (11)
p=1/\/Reo, (12)
r=t/\/ R, (13)

With these parameter definitions, the self-consistent equation (see Eq. (8)) can be expressed in
a dimensionless form as follows:

1o 64h"(N)  Li5)0
5P 3 (w*)*"=p

S () - ) D (e, o

where p* = (RAY?/(E*223))'/3 denotes the classical Tabor parameter, which characterizes the
transition of the pull-off force for the adhesive contact of homogeneous linear elastic solids from
the JKR limit!*! to the Bradley/DMT limit['**¥. In this work, we propose a modified Tabor
parameter [i,0q4 that accounts for the effect of the substrate pre-stretch, which is defined as

H(p)= —A+

4h*(\)2RA?
mod - (7

i )" = n oy (15)
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Accordingly, Eq. (14) can be rewritten as

H(p)= ~ A+ 37— o
S () - G T (. oo

The solution to the present adhesion problem requires solving the nonlinear integral equation
(see Eq. (16)). However, K(2(7/p)*/?/(14-7/p)) in Eq. (16) exhibits a singularity when 7 = p[37],
Various approaches have been proposed to address this singularity®6-37:51 In this study, we
adopt the exact method developed by Zheng et al.’? which introduces a function ¥ with s as
the independent variable, defined as

xp(s):%((s—l)K(Q\/i) +(s+1)E(12fS)) —s, (17)

(F‘mod)?)/zp

and its derivative with respect to s is given by

d¥(s)  2s K( 2\/§> 4
1+s

(18)

ds n(s+1)

Although Eq. (18) exhibits a singularity as s approaches 1, Eq.(17) remains continuous
within this limit. For comprehensive discussion, readers can refer to the studies by Zheng et
al.0% and Zhu et al.[*953], Accordingly, Eq. (16) can be rewritten in the following form:

1

16
H(p)=—A+ §P2 - ?(Mmod)3/2p

S (Ges) -~ Ges) Javern s e 09)

By employing the Riemann-Stieltjes integral method in Eq. (19) for numerical calculations,
the integral singularity can be eliminated[*%-°2-53] As the rigid sphere approaches or retracts
from the surface of the elastomer, it is often accompanied by an instant of abrupt surface contact
(jump-in) or separation (jump-out)!®®4. Therefore, in numerical calculations, the choice of an
appropriate control scheme is crucial for obtaining a complete force-displacement curve. Due
to the non-convergence issues of the displacement control method near jumping points and the
high computational cost of the arc-length control method[’!, the surface central gap control
method is employed in this study. By setting p = 0, we can obtain the expression for the central
gap H(0) as follows:

H(0)=—A- ?(umdﬂﬂ /OOO ((H(;H)g - (I‘I(Tl)-i-l)g)dr (20)

Then, we can substitute A with an expression involving H(0). Consequently, Eq. (19) can be
rewritten as

H(p) = H(0) + %p“’ - ?(umd)?’/gp /:O ((ﬁf - (ﬁ)g)dﬂ/(r/p). (21)

For the sake of conciseness, a brief description of the numerical algorithm used to solve
Eq. (21) and calculate the normalized displacement A and the normalized load P/(nA~vR) is
presented in Appendix A.
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3 Results and discussion

3.1 Model validation

In the numerical calculations, the number of segments N is set to 500 for most results, with
a few cases using N = 1600 to address the convergence issues (when pmoq > 5). To verify
the correctness of the FSCM, finite element simulations are conducted. It is worth noting
that in both finite element simulations and real experiments, displacement control is typically
adopted rather than surface central gap control. For large Tabor numbers, hysteresis may
occur. Therefore, finite element analysis may encounter severe convergence issues under such
conditions. In this case, we compare the results of the FSCM with the analytical results of He
and Dingl31.

The finite element simulations are conducted using the commercial software ABAQUS. A
rigid sphere undergoes adhesive contact with the pre-stretched elastomer, as shown in Fig. 3.
We apply the incompressible neo-Hookean model to characterize the mechanical behavior of
the pre-stretched elastomer. The substrate consists of 37330 four-node bilinear axisymmetric
quadrilateral elements, with the mesh near the axis of symmetry refined to 0.001 5R. We set
the normal displacement constraints at the axis of symmetry, as well as on the right side and
bottom of the elastomer. Prior to adhesive contact, the elastomer undergoes pre-stretch, which
introduces both pre-strain and pre-stress to the elastomer. Nonlinear connectors are used to
model the adhesive force. Each connector is placed between the center of the rigid sphere and
the surface node of the pre-stretched elastomer, providing a force only in the vertical direction.
Based on the Lennard-Jones potential (see Eq. (6)), a connector attached to a surface node at
a radial distance r from the axis of symmetry exerts an adhesive force asl455]

dP(r) = p(r)2mrdr = —%((%)3 = (%)9)dr. (22)

Rigid sphere

Pre-stretched
elastomer

Fig. 3 Finite element model (FEM) of the adhesive contact between a rigid sphere and a pre-stretched
elastomer with a detailed view of the interface (color online)

In the following comparison, we normalize P with respect to tAyR. We compare the FSCM
results with the finite element results for low classical Tabor parameters (u* = 0.01, 0.3, 0.5)
and different substrate stretches (A = 0.8,1 (without stretch), 2), as shown in Figs. 4(a)—4(c).
For the purpose of comparison, we also plot the Bradley curvel®” which is defined as

P 2(1 —4(1 — A)°)

nAYR T 31— APF (23)

It can be observed from Figs.4(a)-4(c) that when the Tabor number is relatively small,
ie., p* = 0.01, 0.3, 0.5, the results from the FSCM and the finite element simulations align
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well under different stretching states. Moreover, the results for py* = 0.01 nearly overlap with
the Bradley curve, regardless of the stretching state. For the stretched substrate (A = 2), the
difference in the force-displacement curves due to variations in p* becomes smaller, while for the
compressed substrate (A = 0.8), the difference in the force-displacement curves due to variations
in u* becomes larger. This suggests that stretching the substrate helps to resist adhesion-
induced deformation, while compressing the substrate increases adhesion-induced deformation.

By employing the global energy balance method (JKR theory), He and Ding®!l provided an
analytical solution for the adhesion of a rigid spherical indenter and a pre-stretched elastomer
modeled as an incompressible neo-Hookean material and subject to equibiaxial stretching. The
displacement and force are given asl3!

Sua TulAya?

P = —4 24
3Rh O\ RN (24)
a? wh* (A\)Ava

b=— —
R %

(25)

where a stands for the contact radius between the rigid sphere and the pre-stretched elastomer.
When the classical Tabor number is relatively large, i.e., u* = 5, we compare the FSCM results
with the analytical results from the JKR modell"® (A = 1) and those from He and Ding[*!
(A # 1), as shown in Fig. 4(d).

Figure 4(d) indicates that the FSCM results align well with the analytical results in the
high-force branch, whereas a discrepancy appears in the low-force branch. This is because
the analytical model does not account for intermolecular forces as long-range interactions. In
Fig. 4(d), we also mark the jump-in, jump-out, and pull-off points, which represent the onset of
instabilities during the approach process, onset of instabilities during the retraction process, and
location of the maximum attractive force, respectively. It can be seen that the JKR modell'?]
and the model proposed by He and Ding[?!] effectively capture the jump-out and pull-off points.
However, these models fail to capture the jump-in point.

3.2 Pull-off force and JKR-Bradley transition

In the study of the adhesive contact between a rigid sphere and a pre-stretched elastomer,
the pull-off force, denoted as P., which is the maximum attractive force between the two
objects, is of fundamental significance. It is well established that for small values of the classical
Tabor parameter, the pull-off force approaches the Bradley limit, which corresponds to the

minimum value in Eq. (23), i.e., P./(mAyR) = —2. For large values of the classical Tabor
parameter, according to the result reported by He and Ding®! (see Eq.(24)), the contact
radius corresponding to the pull-off force, aP™!, can be obtained from the condition % =0 as

* 2/3
aPull = G, /“AT’V}‘R) . (26)

By substituting the expression of aP"!" into Eq.(24), the pull-off force can be calculated.
After normalization by tAyR, we have P./(ntAyR) = —1.5. Therefore, within the theoretical
framework of He and Ding[®!, the pull-off force does not vary with the pre-stretch A applied to
the elastomer, but remains consistent with the JKR model('3.

In Fig. 5, we depict the force-displacement curves at two representative classical Tabor pa-
rameters, u* = 1 and p* = 5, under different stretch states (A = 0.76,0.8,1,2,5,10,20). The
curves are compared with the Bradley curve in Figs.5(a) and 5(b), as well as the JKR curve
in Figs.5(c) and 5(d). It should be noted that the values of A representing compression can-
not be arbitrarily chosen, as the critical conditions for Biot surface instability[®® and crease
formation® occur at A3/2 = 0.543 and \3/2 = 0.65, respectively. Therefore, in this study, the
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Fig. 4 (a)—(c) Comparison between the FSCM and finite element results for force-displacement curves
at small classical Tabor numbers (1™ = 0.01, 0.3, 0.5) under different stretching states (A = 0.8,
1, 2); (d) comparison between the FSCM and theoretical results at p* = 5 under different
stretching states (A = 0.8, 1, 2), where the black dashed line is for the results from the JKR
model[m], while the red and blue dashed lines are for the results from the model of He and
Ding®® (color online)

minimum compression value considered is A = 0.76 to avoid crease formation. From Figs. 5(a)
and 5(b), it can be seen that as the elastomer is stretched, the hysteresis phenomenon gradually
disappears. For a large stretch (e.g., A = 20), the force-displacement curve tends to approach
the Bradley curve. This can be naturally understood, as the elastomer becomes stiffer due to the
large stretch, resembling the adhesive contact between two rigid spheres. In contrast, when the
elastomer is compressed, Figs. 5(c) and 5(d) show that the absolute value of the displacement at
the jump-out point increases and the hysteresis phenomenon becomes more pronounced. The
force-displacement curve does not further approach the JKR curve, but instead exceeds the
envelope of the JKR curve.

Figure 6 provides more details on how the pull-off force varies with the pre-stretch and the
Tabor parameter. From Fig.6(a), it can be seen that, at a fixed classical Tabor parameter,
the absolute value of the pull-off force P, increases with the stretch ratio A, indicating that
separating the two bodies typically requires overcoming a larger detachment force. The effect of
the classical Tabor parameter on the dimensionless pull-off force is examined for A = 0.8, 1, 2, 3,
as presented in Fig. 6(b). As the classical Tabor parameter increases from 0 to infinity, the pull-
off force predicted by the FSCM transitions from the Bradley limit to the JKR limit. Moreover,
the larger the stretch applied to the elastomer, the higher the pull-off force obtained at the same
classical Tabor parameter. In addition, when the JKR-Bradley transition is characterized using
the modified Tabor parameter pmod (see Eq.(15)), we can find that all curves converge to a
single master curve, which is identical to the unstretched case, as shown in Fig.6(c). This
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Fig. 5 Force-displacement curves for (a) and (¢) p* = 1 and (b) and (d) p* = 5 under different
stretching states (A = 0.76,0.8,1,2,5,10, and 20), where (a) and (b) are compared with the
Bradley curves, and (c) and (d) are compared with the JKR curves (color online)

indicates that the proposed modified Tabor parameter fiy0q is suitable for characterizing the
adhesive contact behavior of pre-stretched substrates. Additionally, the JKR-DMT transition
induced by stretching has recently been reported in thin-film systems[®” 58, with conclusions
similar to those of the current study, namely that the application of stretch can increase the
absolute value of the pull-off force.
3.3 Jump-in and jump-out instabilities

Hysteresis occurs when the classical Tabor parameter is large, as the short-range component
of intermolecular forces becomes dominant and is accompanied by energy dissipation during
the approach and retraction cycles. In the preceding sections, we introduce the concepts of
jump-in and jump-out points, as indicated in Fig.4(d). By employing the FSCM presented in
Section 2, we can directly extract the displacements at which jump-in and jump-out occur (A™
and A°"), as well as the corresponding surface separations at the symmetric center (H* and
H§"™), under different stretching states and classical Tabor numbers, as shown in Figs. 7(a) and
7(b). As shown in Fig.7(a), for all stretching states (A = 0.8,1,2,3), both the absolute values
of A™ and A°" and their difference increase with the classical Tabor number. Figure 7(b)
indicates that for all stretching states (A = 0.8,1,2,3), as the classical Tabor number increases,
HI® and HS"™ exhibit increasing and decreasing trends, respectively. The intersection points
of A™ and A°", as well as HI* and HS™, define the critical classical Tabor parameter for the
onset of hysteresis. The stretching of the elastomer (A > 1) shifts the onset of hysteresis to
larger classical Tabor numbers, whereas compression (A < 1) promotes the onset of hysteresis
to smaller classical Tabor numbers.

Although the jump-in and jump-out positions can be numerically extracted for arbitrary
classical Tabor numbers and stretching states using the FSCM, an analytical solution is more
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convenient and readily generalizable. Therefore, we derive closed-form expressions for the
central gap at the jump-in/out position based on the ‘semi-rigid’ theory (SRT)[48:54.59-60] 1t
is worth noting that when the classical Tabor number is not very large, the central gap at
the jump-in position between the rigid sphere and the elastomer is relatively large and the
intermolecular interaction force described by the Lennard-Jones potential (see Eq. (6)) is weak,
leading to small surface deformations. Under these conditions, the SRT provides a reasonable
approximation. Accordingly, the separation between the rigid sphere and the pre-stretched
elastomer can be expressed as

2

h(r) = ho+ 3. (27)

where hg is the central gap, as illustrated in Fig. 1.
According to Eq. (5), the surface deformation at r = 0 can be written as

_ )
w(0) = . /0 p(t)dt. (28)
Substituting Eq. (27) into Eq. (6) and then into Eq. (28) yields
_ 8h*(M)Ay [ 20 3 20 9
w0 === /0 ((ho +t2/(2R)> - (ho T t2/(2R)) )at. (29)

As depicted in Fig. 1, we can obtain the following geometric relation at r = 0:

ho = —a + zg + w(0). (30)
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Fig. 7 (a) Displacement and (b) central gap at the jump-in and jump-out points as a function of the
classical Tabor parameter for different pre-stretched states (A = 0.8,1,2,3); (c¢) comparison
between the FSCM and analytical solutions (SRT and He and Ding[31]) for the displacement at
the jump-in and jump-out points as a function of the classical Tabor parameter under different
pre-stretches (A = 0.8,2); (d) comparison between the FSCM and analytical solutions (SRT)
for the central gap at the jump-in and jump-out points as a function of the classical Tabor
parameter under different pre-stretches (A = 0.8,2) (color online)

The jump-in and jump-out conditions should satisfy the following expressions!®¥:
%—M)o or ;—;L);—)O. (31)
Taking the derivative of both sides of Eq. (30) with respect to hg, we get
~da 1 dw(0)
dhg dhg
Therefore, the jump-in and jump-out conditions can be rewritten in the following mathematical
form:

(32)

dw(0)
dho
Based on the definitions of the dimensionless parameters Hy and 7 (see Egs. (10) and (13)), and

by substituting Eq. (29) into Eq. (33), we obtain the dimensionless criterion for the occurrence
of jump-in and jump-out as

—?ui{fd /OOO (=3 +1)+ %2)74 +o((H " + 1) + T;)“’)dr =1 (34)

— 1. (33)

After evaluating the integral in Eq. (34), it can be rewritten as

16 /157vV2 | in/ou _ 109 395m/2
7( \[(Ho/ f+1) /2 1003972
3 32 131072

mod *

(Y 4 )78) =i (3)
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When A = 1, we have h* = 1/2, and Eq. (35) reduces to the result reported by Song and
Komvopoulos®¥. Once the central gap at the jump-in point, Hi* is obtained from Eq. (35),
the corresponding jump-in displacement A™ can be estimated using Egs.(29) and (30), as
will be demonstrated below. Equation (29) can be reformulated in terms of the dimensionless
quantities H{® and 7 as

2 2

w(0) =~ 02202, /OOO (e 0+ ) (@ e+ ) ar 30

which can be reduced to the following expression by simplifying the integral:

1620 32 (30V2 sy 643512 _17/3
0) = — ( Hir 4 1)75/2 = 2200V E iy 4)=17/2) 37
Dividing both sides of Eq. (37) by 2o gives us
Ain _ 'lU(O) o H(l)n

20
16 3/ (Sn\/i . 50 6435mV2 1t/ .

- Hin 1)~/ = 2200V S pin g ) — H, 38
3 :urnod 16 ( 0 + ) 65536 ( 0 + ) 0 ( )

So far, based on the SRT, we have obtained an estimation of the displacement at the jump-
in point. However, for the jump-out point, the SRT is clearly no longer applicable, since the
rigid sphere and the elastomer are at a critical state of separation, where the surface gap is
extremely small. In this case, the analytical solution for pre-stretched elastomers proposed by
He and Ding[®!] provides a reliable prediction of the displacement at the jump-out point. The
jump-out point can be determined by

dd  dé/da
dP  dP/da
ds

As % remains finite, the onset of jump-out is defined by the condition §2 = 0. Accordingly,

with Eq. (25), we can obtain the radius of the contact region at the jump-out point a®®* as

ot (nh*qéjwz)“?

Then, by substituting the above expression of a®"* into Eq. (25), the displacement corresponding
to the jump-out point can be determined as

(39)

(40)

out
Aout — 6(0’ ) — _§n2/3//‘mod~ (41)
20 4
Equation (41) indicates that A°" is proportional to fimed. When A = 1 and h* = 1/2,
Eq. (41) reduces to the case without pre-stretch, which coincides with the homogeneous-material
case of graded elastic materials reported by Zhu et al.[*?], The analytical solutions of H*, HS",
and A™ derived from the SRT, together with the analytical solution of A°"™ obtained from the
analytical solution proposed by He and Dingl®!, are compared with those of the FSCM, as
shown in Figs.7(c) and 7(d). The analytical solutions of A™ and A°" show good agreement
with the results of the FSCM. However, the analytical approach tends to underestimate the
critical classical Tabor number at which jump-in/out occurs, as illustrated in Fig. 7(d).
3.4 Surface profile and pressure distribution
In this subsection, we investigate the surface profile and pressure distribution of the elas-
tomer. For the surface profile, the deflection w of the elastomer surface is of greater interest and
is more intuitive compared with the surface separation H. First, the surface separation is ob-
tained using the FSCM. Then, based on the geometric relation in Eq. (2) and the dimensionless
definitions in Egs. (10)—(12), we have
w p?
o A-—H+ 5 (42)
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and for convenience, the following dimensionless pressure distribution is defined from Egs. (6)
and (10):
D 8

Ao — gL H ()™ = (L H(p) ™), (43)

We focus on the case of A = 0, representing the condition in which two rigid spheres first
make contact at a mathematical point!®¢!. The surface profile and the pressure distribution
at A = 0 with p* = 1 are shown in Figs. 8(a) and 8(b), respectively. Figure 8(a) presents the
surface profile of the elastomer for different pre-stretch states (A = 0.8, 1,2, 3). The deformation
of the elastomer surface decreases as the principal stretch A increases. This intuitively reflects
that stretching the elastomer helps it resist adhesion-induced deformation, whereas compression
enhances such deformation. Figure 8(b) illustrates the corresponding pressure distribution of
the elastomer surface. At the center of the contact region (r/(Rzg)'/2 = 0), the interaction
between the rigid sphere and the elastomer is repulsive. As r/(Rzg)'/? increases, the interaction
transitions to an attractive force, reaching a maximum absolute value corresponding to the
theoretical strength of the Lennard-Jones potential, —oyy,, which can be calculated from Eq. (6)
as —1.026Av/zy. This value is indicated by the gray dashed line in Figs.8(b) and 8(d). As
r/ (Rzo)l/ 2 continues to increase, the attractive force decreases and approaches zero. With
increasing pre-stretch, the position of —oyy shifts closer to the axis of symmetry.

Figures 8(c) and 8(d) show the surface profile and pressure distribution for different pre-
stretch states (A = 0.8,1,2,3) at P/(mAvyR) = 0 with p* = 1. At this stage, the rigid sphere
and the elastomer are in equilibrium in the absence of an external load, with the attractive
and repulsive forces of the intermolecular interactions balancing each other. From Fig.8(c),
it can be observed that the deflection of the elastomer surface is larger compared with the
case of A = 0 (see Fig.8(a)). Similarly, stretching the elastomer reduces deformation, while
compression enhances it. Figure 8(d) shows that the minimum value —oy;, appears at a location
farther away from the axis of symmetry, compared with the case of A =0 (see Fig. 8(b)).

For the contact region, two definitions are commonly adopted®!]. One considers the contact
region as the area where the pressure is positive, while the other defines it as the area enclosed
by the peak tensile. If the second definition is adopted, Figs. 8(b) and 8(d) show that the contact
region decreases with the increasing principal stretch A of the elastomer. This observation is
consistent with the conclusion of He and Dingl3!].

4 Conclusions

Based on the Lennard-Jones potential law, we employ a numerical model to investigate the
adhesion between a rigid spherical indenter and an elastomer subject to equibiaxial pre-stretch.
In contrast to prior studies that assumed short-range adhesive forces, the present work models
long-range intermolecular interactions, which more accurately reflects the physical reality and
captures richer details of the adhesive process. A numerical algorithm is used to solve the
nonlinear system of equations, which originates from a self-consistent equation describing the
adhesive contact. For small classical Tabor parameters, the results from the FSCM and finite
element simulations are in good agreement. At large classical Tabor parameters, we compare
the FSCM results with previous theoretical models™®31], which are consistent at higher forces.

The main findings are summarized as follows. First, the pre-stretching of the elastomer
reduces the deformation induced by adhesion with a rigid sphere. The absolute value of the
pull-off force between the rigid sphere and the pre-stretched elastomer increases with stretching,
approaching the Bradley limit at extreme levels of stretch. In addition, based on the classical
Tabor parameter, we introduce a modified Tabor parameter, which incorporates the effect of
substrate pre-stretch. When the JKR-Bradley transition is characterized using this modified
Tabor parameter, the curves for arbitrary pre-stretch collapse onto a single master curve that
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2F A p/(Av/z)

r/(Rz)'*
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Fig. 8 Effects of the pre-stretch (A = 0.8,1,2,3) of the elastomer on (a) the surface profile and (b)
the pressure distribution at A = 0 and p* = 1 and effects of the pre-stretch (A = 0.8,1,2,3)
of the elastomer on (c) the surface profile and (d) the pressure distribution at P/(rAvR) =0
and p* =1 (color online)

coincides with the unstretched case. Finally, we analyze the hysteresis phenomena using both
the FSCM and analytical approaches. Both sets of results indicate that stretching the elastomer
shifts the onset of hysteresis to larger classical Tabor numbers. Overall, this study provides new
insights into the adhesive contact of the pre-stretched elastomers. The work can be extended
to the cases of indenters with other shapes and elastomers subject to unequibiaxial loading
conditions.
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Appendix A

Here, we introduce the numerical method briefly. An effective finite integration interval [0, 10]
is selected, beyond which the surface interaction becomes negligible®%4%.  The integral interval is
uniformly divided into N segments ([pi—1,pi]) by N 4+ 1 nodes. Besides py = 0, the remaining N
nodes are located at p; (i = 1,2,3,--- , N) with surface separation H; = H(p;). The values of H; (i =
1,2,3,---,N) are determined by solving a system of nonlinear residual equations R, = 0. From
Eq. (21), R; is defined as follows:
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where H(&;) = (Hj—1 + H;)/2, and the Riemann-Stieltjes integration is employed. For a given Hy,
Eq. (A1) is solved using the Newton-Raphson method. The iterative formulation is
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where k denotes the iteration step, and (J;;) represents the Jacobian matrix defined by gﬁ? .
J

The iteration converges when both the maximum of |(Hi(k+1) —Hi(k))/Hi(k)| and the Euclidean norm
of residual R; are less than 1075, Once convergence is achieved, the normalized displacement A and

the normalized load P/(nAvR) can be calculated from the converged values of H; as
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