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The Dugdale Barenblatt model

In a linear elastic material K is related to the coefficient on the

singular Tr stress terms arising near a crack tip However we have noted

that real materials cannot support infinite stresses Why can K still be used

as a fracture criterion if it doesn't represent the reality

Consider the following model for nonlinear behavior near the crack tip

We will only analyze the nonlinear behavior on the plane ahead of the crack

tip and will assume that Guy is limited to a peak value of 60 Later

we will show Gyy can take any form under SSTconditions

Recall the molecularview of fracture socalledwwÉÉm
N Tractionperunit area orfracture processzone law
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2M can be used to represent a vast number of fracture mechanisms including

plastic tearing atomic de cohesion fiber pull out in composite fracture
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There are also a number of CZMs but let's focus on constant 6 at this moment
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The crack model looks like

I Applied KI field

Realcrack tip

1444 Mide crack tip

R

We can set our origin at the real crack tip or the mode crack tip

Let us choose the latter since we've already have the solution in HW3

g

KI p

At the mode crack tip we have

K KYLE EifDue to cohesive fractions

KI f 8
What is Ktip If Kripto then Ggy ahead of the model crack tip will go
to x This is prohibited by the CZK it aliods singularity bytuning R

KI 6ES 5 dg KI 6025 o

KI 60R or R size of Dugdale plastic zone
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Before we say fracture occurs

when KI Kec or Ge Now we need

a new criterion This criterion is obvious from the point of view of physics
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To compute the crackopening displacement we need to calculate EI EISZI.dz

since 2MUy I 19 1 ImÉ y ReZ
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Need a bit thougt to compute arctan a
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On the crack surfaces z re y o
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So even though we have no singularity ahead of the crack tip we still

get crack propagation when g G or equivalently when KI KIc GET T.SE
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In the semi infinite crack problem we have SSYconditions immediately Let's move on

to the centercrack problem in which we have a lengthscale initialcracklength

You may use HW3 problem1 to show that
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Crack propagation CODER Ia Sc
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SSY in the limit as Rca i.e 6 601
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LSI Rla is nottoosmall the apparentstrength is
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The J integral

Wewill show that J is a path independent integral and is equal to the

energy release rate in nonlinear elastic materials

First define the strain energy density in a nonlinear material as

W SfbijdEij big 2 ie W f 8 dEij ffdW

So our governing equations for a small deformation problem in this nonlinear

material are

bijij 0 Equilibrium

eijtcuijtuj.is kinematics

41 6 on 5

big 2 Material law

We could generalize to large deformation but we'll not concern ourselveswith

this complication

T SAWdA Sp ti u dT
keep afixed move contour

M to 8 Kitda
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Keep contour stationaryMove at atda
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Picture for da Tremainsthesame Picture for da different butsamea
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Note that cannot be taken inside the first integral because the area Are x has

has changed to ACK drei a as the contour moves However I cant be taken

inside the second integral i e I Sawda SA adA

For cracktip solutions even in nonlinear elastic materials we want finite

energy in any finite area around the crack tip

WdA Nrdr do finite Wu t r fritze

This also means that 2 it and fadA is NOTsingular So we can apply

divergence theorem to this term

fHada Saffi da Sabij da Sa 653 j fj.fi da f6ij34njdp
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Now consider SAWdA

Energyloss

does Energy gained Wokedie

Tdf positive this way

doe is uniform over the entire contour ΔW Wdxda doe Sudan

a
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dec dp
da d coso R dy

In
Automatically n take cares of thesign for energy loss
versus energygained byfollowing the contour
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ΔW die fundy EefWda align
SaintaxI wd SanWda

die

He 8 fpwn.at

Finally we have

G S Nm ti 3 dp J JR Rice JAN 1968
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Now show J is path independent Consider J around any contour not surrounding

a singularity

If
I f Wr
6ijrjun.dffwn.IT

SW da ftp.uiiiidA fafiju.im jdA
SpGijUiiinjdA 5 0

Back to our cracked body

t.tt the I Jp o

A closed contour enclosing no sigularity

Note that on 7 n 0 ti o Jp 0 Jp 55 0

G J In
Any arbitrary contour surrounding the crack tip counterclockwisely forcrackgrowing totherig

G J J is pathindependent

Examples from HW1 J SWr bijrju.indp

no.ae

7,4 ni o 4 0

fromthe natural axis of the arm upward positive

7 R 1 Exx KY GEEKY all otherEij Gj 0
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It EKydy EIIK IBM 2K b

I Rit Exx Ky takingy from the natural axis of the arm

Jf IBIG LIED

J J It J I Js BY b

G G K A jump in curvature since I I could betakentoclose
to the cracktop

p ftp.pg.pe
the a direction mustbechoosen in

the direction ofcrack advance Or
b you can we clockwise contour
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Consider the cohesive zone model

11111 x
Take IT to run exactly along the crack faces
Where the cohesive fractions act

J Ein ui die f Étui deal
6 fi hil die
6 5 9 die 605 God

For a more general cohesive zone model we have

J 622Us dk 622Uri da
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Under SST conditions and Mode I It does not depend

on what cohesive zone law looks like

UnderLSYconditions we can still take a J contour to closely surround

the fracture process zone and obtain

J J 6187015

where ft is the opening at the back edge of the process zone this

expression for J is valid prior to propagation Propagation occurs when

5 1 corresponding to

J f as ds So

Hence this model predicts propagation when J reaches Gc This is equivalent

to a fracture criterion based on a critical crackopening displacement Also

note that under LSY conditions J 1 For Dugdate model in the

center cracked panel

J 1 2 Jss

Therefore J is powerful tool when dealing with nonlinearities and LSY

The HRRfields

Hutchinson JMPS v 16 pp1331 1968 Rice Rosengren JMPSv16 pp1 12 1968
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α not linear law
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Universal angularfunctions

w αEyrfÉqInt i 10

Domain integral method for J calculations useful in FEM

I J fNn sina.IM

Define a sufficiently smooth gear ka such that 9 1 ont and 9 0 onIT

SinceJp Jp o ni o te o on crackfaces we have
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