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Consider a linear elastic body with a crack on the x axis and

symmetric loading and elastic properties about the x axis it can be

anisotropic but orthotropic with material directions aligned with the by
axes We are interested in mode I but the method can be generalized

to other modes and more general anisotropy

Now consider two different load systems

If

yay

Q1 Q2 are generalized forces such that the fractions and body forces ar

ti Q.tl bi Q bi in problem 1

and ti Qati bi Q.be in problem 2

So you may think of Q's as scaling factors Then 9 s are generalized

displacements such that Q and 9 form a work conjugate pair for



U i e any deformation field

Q 9 S t aids fbiUfdr Q f ti aids Q.frbi aidu

9 S t u ds f b U dv

and similarly 9 Ss ti Uids f b a dV

If both load systems act simultaneously then we will write the total displacement
as

U Q U Q2U

where 6 is the displacement field due to a unitQi and u is the

displacement field due to a unitQ2 At this moment we have

9 ti Q K Q24 ds Srbi Q4 Q2U dV

wait if a

Similarly

9 S t u do fb.HU dr Q If a dstfb.lu du Q

me
9 jQj or Q Cij 9j Cij Gi dueto Rayleigh Betti reciprocal theorem



Note that Cij ill are structural compliances depending on the crack length1

Now the stored strain energy in the body at fixed generalized displacement

U 9 9 e Q 9 I Cij e 9,9

where
9
Gi9 Cia9 Q

CI9 Gig Q2

9,9 Gf fixed 9
thickness in the outofplanedirection

The potential energy of the system is a function of the Q and I and

is the strainenergy minus the workdone by the loads
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Now define k to be the stress intensity factor for problem 1 when Q 1

kz to be the SIF for problem2 when 02 1 Then due to linear superposition

K k Q Kade G kQ k.de H is an elastinmodulus

H E forisotropicmaterials

Our goal in this business is to determine be given that we have a complet

Solution for problem 1

2154 1 It 3 as2Qi

9 Cij e Qs
a scale factor independent of 1

t kjQj.lkSij 7 kikjQj

1 Kiki_2 Qj 0

Here we can take Q L 02 0 or Qi 0 42 1 or any other combinations

and this relationship holds

kik

Consider the cross term 4 kik 2 2



k CaQ1

Kforproblem 1

Therefore K due to problem2 is

K kaQa GQ Q2

InQ.IE Sst Q.u ds fbi Qiu du

t.tl b do not depend on l

k Q IT S t 294 as f b 29 du

But K should not depend on how the loading in problem1 is specified

This means the quantity 9 should be universal for the given geomet

Define the weight function hi as

he It
Éf iped to denote that

he can be determinedfrom any problem

K Q2Ssti kids Qafb hidV

or K ft kids f b hid



Note that for 2D problems it is common to do the surface integral over the

the boundaryline and the volume integral over the area
in which case t is

dropped Wethen have

K ft hidt bikidA where hi from another
problem

Usually the most useful solution to have is that for a pair of point load

opening the crack The solution can then be used as a Green's function to generat

all other solutions using superposition Let's use weightfunctions to get such a

solution for the centralk

Weknow the following solution
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Now consider a pair of point loads

t PS N atb y 0 Sir
Diracdelta Kroneckerdelta

b 0

fti hidt Sab hi da
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For whichtip for the crack tip that appears to grow with increasing

Krisht If

Kutt IaEtb

Mode I weight functions for a semi infinite crack

y
fifth

d th fr I

Ux FICHU 1241 cost cos

My KEEFEIHO 124 1 sine sink



How to perform Geometry r 9 0 arctan

coso

IT 0

In

EE two 12411cost cost

I 241 CsintE sin30 I si

IF 11 41cost sinosin

Similarly we have by 1 r 1kt sin2 sinocost

In HW3 you will show Mode I weight functions for a semi infinite crack

hi In Kt sin9 cos30sino

hit f 141 cost sin20sino


