
 

Theoretical tensile strength

The determination of when a body will fail by the growth of a dominant

crack requires two things

The determination of the stress and strain fields in the body or at least

some mechanical quantity eg energy that can characterize the intensity of

loading This requires solving a boundary value problem

A criterion for the crack to advance propagate This distinguishes this

course from whatyouhave learnt from linear
nonlinear elasticity

We will discuss the bupand the criterion extensively
in the class However

let's first look at an ideal simplified problem the strength measured by

stretching an infinite atomic lattice to two separated semi infinite
lattices
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The 6 S curve looks like

Nate FoxSpeak Speak

Speak Opeak 22

Speak I
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The stressstate are identical between and But there is a difference

in energy
26 586dg

surfaceevery required to create new surfaces

Let's estimate Gpeak using a back of the envelop type of

approximation and some material properties that we are familar with

Assuming the following form of 6 8 relation

G Ase β

which appears 6 S as Sap and 5 e β as soβ To determineA β

we can use
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1815pm speak β

Speak 618 Speak Ia

Sometypical values
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Speak If Pa ifGP

This is a very high strength Only for nearly perfect crystals
i.e graphen

Speak Elio is the correct order of magnitude Moregenerally it is

to E The question now is why materials are so weak on

whyElio has been an overestimation Flaws

strength of materials accounting for flaus

Recall from elasticity theory that the stress concentration near an elopt

flow is given as
I Gapp

Gmax

ˢ its's
Inglis11913 Gapp



The radius of curvature of the ellipse is given as e We thenhad

E ka
Gmax Gapp it 26app as a for cob

Now change the failure criterion from Gapp Speak to Gmax Speak i.e

26appE failure III f
for thesharpest crack flaw that is likely to propagate first

If we take c 1µm we can have failure 75MPa 00 This is

close to the range for materials we are familanwith

We have assumed the material
does not deform plastically Hence this

model is most applicable to rocks glasses
and ceramics at relatively

low temperature

Note the dependence of the strength For brittle materials failure

strength is of a material property Howto measure Introducenotches

that are large enough



Griffith theory An energy approach

Assumptions Linear elastic isotropic homogeneous perfectly brittle

small cracks plane strain

A

6 0

We want to find the potential energy of the system
with respect

crack length 1 Consider the problem as the superposition of problem 0

and problem

The total potential energy of the system is given as
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in general

The total energy of the system per thickness is

W are two 281
since it is energyof a uniformstress problem independentof



or youmay think
it is a reference at 1 0 0

To determine No recall from elasticity theory that the crack opening displ

is given as

5
46 I x2

Wewill also derive this bysolving the
BVP shortly The work done by 6 in

the auxiliary problem is then simply

No firs ax 484 If side Ere

TChatgap gives correctstepsbut a wrong answerby a factor of 2

S.is da Ii find ie

Back to the total energy of the system

n9
2H
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The system will be in thermodynamicequilibrium notstablethough

when

1 28 Eilio le II



Under prescribed 6 cracks with lsl i.e If co will grow while

cracks with calc i.e Hey70 will heal In air this doesnot actually

happen because once a crack forms a barrier such as oxide and

passivation layer is
created spontaneously In vacuum crack healing can

and does occur For instance in space designers
haveto deal with the

problem of cold welding

For a given 1 the critical stress for the crack to propagate is

6 Ev E

which again leads to a 1 A dependence of strength on crack length Note

that this is based on an energy approach

Define the driving force for crack propagation energy release
rate G

G 2ft 5T
Potentialenergy

thickness

such that crack propagation occurs
when 9 2,8 for perfectly brittle solids

Resisting force

The crack growth is unstable when2921 0 2621 TECHNIE for this

problem Alternatively the crack growth is stable when 29 a o and

neutrally stable when 29121 0



Let's return to our calculation of the strain energy in our problem

Under given identiial BCs we have 6g Gift6,9 and W Wo w

Why did it work for our problem

I
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6ijEij Ui 6pE j u 6,9fi u

I so do so so

WSE frtbijfijdv f.IT aids by principle of virtual
work
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Let's evaluate Js Tfa ds since It is simply at 5 5

T.EU ds fs T u ds fs TPu ds o

since T on St on S while UP on St UP on f

WSE WEE WE for our problem This is not true in general However

we have had this for WSE WBending Wstretching Wtousion



0
Energy release rate

Recall G 2 in 2D

W stored strain energy work done by loads perunit

l total crack length
thickness

Consider a non linear elastic body with a crack subject to pointload

per unit thickness
pa Structuralbehavior

HEY
finotmaterial

1
I 3

Sine U f Pdg P 20 28 Besides Ulfill is a function of both Sdl

Nowconsider a specimen with a crack length of ltol The structural

behavior will be softer

Pa cracklength I

Crack length ltol
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W l OBE W Ital ODE G ΔWol OBDof
Released strain energy

W l U s e

W Ital U S ltol V18 l of 0101

ΔW Wiltol Wil got 0 ol
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Load control

Will OAB Wiltol OAC G ow of OBCoe will show BCDuol

Will 018 e Pg

W ltoll 01808 Ital P Stas

us e 18 Ps Past É zoe
ΔW 3 got Δ ol

G fifo 8 g so BCD ok backto the figure

For point loading G is thesame under load or displacement control For more

general loading
it can also be shown that Gdoes not depend on the loading

conditions On the other hand crack growth stability does depend
on them

Ex The double cantilever beam specimen

Ñf
d

esh the crack tip is not

too close to theend of

the specimenIps



We can treat the specimen as two cantilever beams oflength e

V IPS Sized Note 6 E E

So't Idr

J.lt Idre or Stinkdoe M Px

f P ETF
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Fixed P

W 20 2ps 41

G 3

stability p
0 Unstable

Fixed 8 since 8 is fixed

W 20 Work off
or we can set the referenceenergy at

this level of 8
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stability s s so Stable

Let's move on to experimentally accessible quatitaties including P S l
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Whatis meant by 1 8 try scaling arguments
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To show the concept of Griffith's theory furtherlet's consider the following form

of analysis
81 82
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Mathematica VariationalMethods

EulerEquations LEI W x P WIX NEXT

Doesnotchange the local criterion

Questions 0 What if there is external loading pox

What if there are both bending and torsion

This Griffith concept is not limited Youwould find a wide range of problems that

accounting for surfaceenergies
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