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 T1: Ideal strength and Griffith theory
 T2: Energy release rate
 T3: Stress intensity factors
 T4: Westergaard’s stress functions
 T5: Weight function method
 T6: Cyclic loading, R-curve, Mixed mode loading
 T7: Dugdale-Barenblatt model
 T8: J integral
 T9: Peeling, tearing, buckle delamination
 T10: Adhesion theories
 T11: Dynamic fracture mechanics 
 T12: Interfacial fracture mechanics 
 T13: Anisotropic crack tip field
 T14: Atomic origin of surface energies



References

10

Fourier transforms by I. N. Sneddon; Foundations of applied mathematics by M. D. Greenberg; Mixed boundary
value problems by D. G. Duffy



Grades and dates

11



Policies

12



Outline

I. About this course

II. Why I wanted to develop this course

III. Why fracture mechanics

 History of fracture mechanics

 Some scenarios in nature and engineering 

systems

IV. Back to the course
13



The philosophy of the course
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Not only new knowledge but also the process by which it is created!

A scientist is a professional who conducts 
research to further knowledge in a 
particular area. 
 They make observations in nature and 

conduct experiments to test their 
observations. 

 They use scientific methods to explain 
the natural world.

 They believe that there is a natural 
explanation for most things. 

Galileo Galilei (1638) 



A famous “fracture mechanics” problem
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Dante Alighieri's vision of hell, which Galileo attempted to map.

How big is the Hell? How tall is Lucifer?



伽利略早期的方法和结论
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“On the Shape, Location, and Size of Dante's Inferno”, Galileo Galilei (1588)

Hell: ~45 km in radius (from Jerusalem to 
Marseille) and thus ~6 km in thickness 

Dome: ~45 meters in diameter and ~3 
meters in thickness



Make further observations

17Galileo Galilei (1638): Proposition IV of Day 2



Apply scientific methods
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Galileo Galilei (1638): Proposition IV-VIII of Day 2

 Galileo’s square-cube Law

 CD:KL=KL:MN



Draw new knowledges
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Hell: ~ 45 km in radius (from Jerusalem to Marseille) and thus ~6km*2000 in thickness 

Dome: ~45 meters in diameter and ~3 meters in thickness

“The roof would have to be so 
thick that there would hardly 
be any room underneath to 
accommodate all those dead 
souls.”



Scaling
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Elephant

Rat

Whale

Dolphin
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 2 Chainz: No matter where I’m at, I got crack

Giant's Causeway

 Wolfgang Pauli: God made the bulk; the surface

was invented by the devil.

 José Bico: 断裂让科学着迷，因为他触及了物质内

在的性质。你可曾意识到撕纸时你用手打破了原子

之间的联系？原子们被分在了两边。
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Skull cup from the Gough’s Cave. 
Photograph: Derek Adams

Shaping brittle materials by fractures using 
knowledge based on experience



From woods and stones to steels and glasses
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Cathedral of Santa Maria del Fiore 
(1436)

赵州桥 (605)

Munich  Olympiastadion (1972)



Leonardo da Vinci’s fracture test (1452–1519)
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 Attach an iron wire to a basket 
 Feed into the basket some fine sand through a small 

hole placed at the end of a hopper.
 A spring will close the hole as soon as the wire breaks. 
 The basket falls a short distance into a hole, so as not 

to upset the basket.
 The weight of the sand and the location of fracture of 

the wire are to be recorded. 
 The test is repeated several times to check the 

results.
 Then a wire of one-half the previous length is tested 

and the additional weight it carries is recorded; 
 the a wire of one fourth length is tested and so forth, 

The strength of a metal wire increases with
decreasing length.
This size effect is the result of the decreasing
number of which were clearly visible in metal wires
at that time.

The object of this test is to find the load an iron wire can carry. 



Galileo Galilei (1564–1642)
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Day two



In 19th century, elasticity theory is developed, with 
some criteria for failure and fracture
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 Coulomb (1763–1806): Ultimate shear strength (stress/strain not clearly defined)

 Saint Venant (1797–1886): Maximum strain hypothesis (until the end of the 19th century)

 Lam´e (1795–1870), Rankine (1820–1872): Maximum stress criterion (for brittle materials)

 Tresca (1814–1885): Maximum shear criterion (“for plastic materials”)

 Mohr (1835–1913): General failure criterion using Mohr’s circles (Mohr-Coulomb criterion, 

still in use in Geomechanics)

Until the end of the 19th century there was not yet a clear differentiation between failure by 

brittle fracture and failure by plastic flow

 Huber (1872–1950), von Mises (1883–1953), Hencky (1885–1951): Maximum distortion 

energy criterion

Good for single components but cannot explain the failure of components of cracks e.g., Boston 
Molasses Disaster!



From fracture criterion to fracture mechanics
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The disadvantage of these criterion:
 Do not consider the kinematics of failure 

 Do not consider thermodynamic principles  

(e.g. the energy balance of a failure process)

 Do not consider the fact that real materials 

always have defects and cracks.

Considering kinematics and defects:
• Found exact solution for the singular crack 

tip field
• Recognized that the traditional failure 

criteria cannot predict failure of real 
cracks.

• Proposed that Stress level in a small area 
becomes critical

• Did not pursue this problem further…

1907



Griffith’s energetic fracture concept
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Alan A. Griffith 
(1893–1963)

Recognized and generally accepted by the scientific community, it had no impact on
engineering practice: i) The big discrepancies in surface energy for ductile materials; ii) The
difficulty to determine the change of strain energy w.r.t. crack growth.



The Liberty ships
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 Replaced much riveting with welding

 2,751 Liberties were built between 1941 and 1945 (an average of three ships every two 

days, symbolizing U.S. wartime industrial output)



The Liberty ships
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 As of 1946, 1,031 out of 2,751 

damages or accidents due to 

brittle fractures had been 

reported. 19 ships breaking in 

half without warning (behaving 

like brittle, why?).

 Reasons: Stress concentrations 

at the hatch corners, weld 

defects and fatigue cracks

The Liberty ship that was fractured the day after it 
was launched in 1943



Irwin’s stress intensity factors
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George R. Irwin 
(1907-1998) 

US Naval Research 
Laboratory

 In 1948, replaced Griffith’s surface energy by the effective
fracture surface energy (incorporating the work plastic
deformation at the crack tip during crack)

 in 1957, using Westergaard’s method (1939), pointed out the
singular crack tip field which is equivalent with Griffith’s
theory and measurable.

Irwin’s fracture concept found rapidly entrance into practical
applications and is meanwhile firmly established. Then elastic-
plastic fracture mechanics, fatigue, damage mechanics, J
integral (Ductile Fracture Handbook by EPRI)

Also found 50 
years ago by 
Wieghardt but 
forgotten 
(based on 
strength criteria 
since no Griffith’s 
theory yet)
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1. Tough biomaterials and composites
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Bone broken by arm wrestling

Wegst et al. Nat. Mater. 2014



Wegst et al. Nat. Mater. 2014
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2. Dry adhesives
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Related course lecture: van der Waals forces

Song et al. PRSB (2020)

Gecko Project (Berkely)

How gecko’s stick to 
walls: A natural 

application of van der 
Waals forces

C
H

RO
M

O
S 

In
d

us
tr

ia
l 

(Y
TB

)






38

Geim et al. Nat. Mater. (2003)

Array of polyimide hairs

2 µm

Carbon nanotube arrays

Qu et al. Science (2008)
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3. Wet adhesion
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 Smaller, “stronger”

 What is meant by “strong”?

An elastocapillary length-scale

Related course lecture: Energy release rate

Bico et al. Nature (2004)
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One of reasons for why most heave 
losses of birds due to oil pollution 

happen in winter.

500 µm

Hartung, R. J. Wild. Mgmt (1967)

Duprat et al. Nature (2012)



4. Elastocapillarity
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Legrain, Tas et al. (2013)

Cho & Gracias Nano Lett. (2009)

Py et al. Phys. Rev. Lett. (2007)



42

Tokyofashion.com

Application to self-assembly of carbon nanotubes

M. D. Volder and A. J. Hart. Angew. Chem. (2013)
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Elastocapillarity-induced topological transformations of cellular microstructures 
made of liquid-crystalline polymer.

Li, Deng et al. Nature (2021)






5. Peeling and tearing
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Related course lecture: Peeling and tearing

Wilting et al. EPL (2021)
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Hamm et al. Nat. Mater. (2008)

Tearing as a test for mechanical 
characterization of thin adhesive films

Kruglova et al. Phys. Rev. Lett. (2011)

Jacques Villeglé’s Arrachages I-V   



From sub nanometers to meters
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1 µm

Self-assembly of graphene ribbons by self-
tearing/peeling from a substrate

Annett and Cross Nature (2016)

Boeing 737 of Aloha Airlines Flight 243 landed 
safely despite losing a part of its roof (1988)



6. Semiconductors
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Number of components in electronic circuits has doubled every two years since the 
1960s



48

开裂、分层、脱粘、翘曲…
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Nowadays mechanics is an organic part of applied mathematics. An analogy of mechanics
with the phoenix comes to mind. This legendary bird has appeared with practically identical
magical features in the ancient legends of many cultures: Egyptian, Chinese, Hebrew, Greek,
Roman, native North American, Russian. …Death could never touch it… However, from time
to time. when ii was weakened, the phoenix would carefully prepare a fire from aromatic herbs
collected from throughout the world and burn itself. Everything superfluous is burnt in the
fire and a new beautiful creative life opens to the phoenix.

So, what is the analogy? Mechanics now is living through a critical period. The community at
large, particularly the scientific community, often considers mechan.ics to be a subject of
secondary value…I am sure that a phoenix-type rebirth of mechanics is unavoidable… The
reason for my confidence is the existence (not always generally recognized by society, nor
political leaders) of fundamental problems of vital importance for humankind that cannot be
solved without the leading participation of mechanics and applied mathematics as a whole.
To mention a few of these: The prediction of earthquake, the creation of a new branch of
engineering based on nano-technology; earth's non-renewable resources… (AI, Semiconductors,
Aerospace…) The surge of interest in mechanics during World War II and its aftermath
demonstrated this clearly.

Flow, deformation and fracture by G. I. Barenblatt, 2014, Cambridge University Press
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The methodology of this course
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 “Calculus must become a pump and not a filter for the STEM pipeline.” 

Robert White, president of the National Academy of Engineering 

 From lecture-based practices in which students are passive 

learners to problem-driven in which students are active thinkers 

(one presentation).

 The observation-method-new knowledge process.

 Not a theoretician or experimentalist but problem/goal-classified 

“mechanician”.

 “A combination of mathematical foundations and physical pictures.”

 Model problems of real-world systems (simplified NC or NS equations).

 Analytical or asymptotic solutions rather than numerics.

 Geared toward engineering while with some mathematical skills.



Goals
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Not only new knowledge but also the process by which it is created 
and the way it can be used in natural and engineering systems!



Course Outline
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 T1: Ideal strength and Griffith theory
 T2: Energy release rate
 T3: Stress intensity factors
 T4: Westergaard’s stress functions
 T5: Weight function method
 T6: Cyclic loading, R-curve, Mixed mode loading
 T7: Dugdale-Barenblatt model
 T8: J integral
 T9: Peeling, tearing, buckle delamination
 T10: Adhesion theories
 T11: Dynamic fracture mechanics 
 T12: Interfacial fracture mechanics 
 T13: Anisotropic crack tip field
 T14: Atomic origin of surface energies



Thanks!
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