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ARTICLE INFO ABSTRACT
Keywords: While classical wetting is well captured by the famous Young’s equation and classical bulge and
Elastic wetting blister models are readily available, there is limited understanding of a micro- or nano-scale

Contact angle
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Elasto-capillarity
Bulge test
Blister

droplet being covered by an ultrasoft elastic membrane. We call this phenomenon elastic wet-
ting to feature the interplay between the liquid’s surface tension and the membrane’s elastic
deformation. Examples of elastic wetting include cell blebs and 2D material bubbles, where the
membrane thickness ranges from microns to sub-nanometers. In this work, we study the equi-
librium of elastic wetting and solve for the profiles and the pressure-volume relations of the
membrane-confined droplets. We show that in elastic wetting, the pressure across the membrane/
droplet interface can be described by a simple superposition of the Young-Laplace equation and
the nonlinear membrane equation. Furthermore, nonlinear elasticity, geometric nonlinearity, and
surface tension, together with membrane-substrate adhesion, interweave at the contact line,
leading to rich membrane-confined droplet configurations. Finally, we examine the effect of
substrate compliance on elastic wetting and find that the rigid substrate assumption approximates
well for most of the existing experiments in the literature. Our results provide fundamental
mechanistic insights into the various phenomena of elastic wetting as well as viable means to
extract physical parameters including the bubble pressure and the interface energies.

1. Introduction

Wetting is an everyday phenomenon that refers to how a liquid droplet adheres to a solid surface (De Gennes et al., 2013). When
surface tension dominates other forces, such as gravity, droplets on rigid substrates form in the shape of a spherical cap (except the
limiting case of complete wetting where the liquid spreads out). The degree of wetting, i.e. wettability, is characterized by the contact
angle of this liquid spherical cap, which is size-independent, described by Young’s equation (Young, 1805), and measured at the
liquid-vapor-solid interface, which is called the contact line. Conventionally, contact angles are widely measured for the quantification
of solid surface tensions (Kwok et al., 1998; Shimizu and Demarquette, 2000; Wu, 1971). In recent years, many new efforts focused on
how the wettability (or the drop geometry) can be tuned. Examples include the design of the self-cleaning surfaces (Blossey, 2003) and

* Corresponding author.
E-mail address: nanshulu@utexas.edu (N. Lu).
! Equal contribution.

https://doi.org/10.1016/j.jmps.2021.104399
Received 7 August 2020; Received in revised form 11 March 2021; Accepted 12 March 2021

Available online 14 March 2021
0022-5096,/© 2021 Elsevier Ltd. All rights reserved.


mailto:nanshulu@utexas.edu
www.sciencedirect.com/science/journal/00225096
https://www.elsevier.com/locate/jmps
https://doi.org/10.1016/j.jmps.2021.104399
https://doi.org/10.1016/j.jmps.2021.104399
http://crossmark.crossref.org/dialog/?doi=10.1016/j.jmps.2021.104399&domain=pdf
https://doi.org/10.1016/j.jmps.2021.104399

Y. Rao et al. Journal of the Mechanics and Physics of Solids 151 (2021) 104399

(a) Cellular blebs  (b) Epithelial domes (c) Hydrogel (d) MosS,- SiO,
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Fig. 1. Examples of elastic wetting in experiments. (a) Scanning electron micrographs (SEM) of a blebbing filamin-deficient cell (Charras, 2008). (b)
Epithelial domes generated on a soft elastomer substrate driven by transmural pressure (Latorre et al., 2018). (c) Blisters appear when
temperature-sensitive hydrogels transit from swollen to unswollen phase (Shen et al., 2019). (d) Liquid nano-bubbles formed spontaneously when
exfoliating a monolayer MoS, on a SiO, substrate (Sanchez et al., 2018).

Table 1

Experimentally relevant parameters and their nondimensionalization for elastic wetting. Substrate-supported droplets are widely
observed to be confined by thin membranes of biological materials (Latorre et al., 2018), soft polymers (Gilcreest et al., 2004; Shen et al.,
2019; Xia et al., 2019), and 2D materials (Ghorbanfekr-Kalashami et al., 2017; Khestanova et al., 2016; Sanchez et al., 2018; Wang et al.,
2009). In this table, h is the central height of the blister, Ry is the base radius of the blister, h/Ry is hence the aspect ratio of the blister, t; is
the thickness of the membrane, y is the shear modulus of the membrane, y;, is the energy density of the liquid-membrane interface, a

= % is the elasto-capillary number (see Eq. (25)), ﬁ is adopted to quantify the ratio of interface energy to elastic energy, y, is the
0 0

ty . s .
shear modulus of the substrate, and M—}: is used for substrate rigidity evaluation.

s0

Biological materials Soft polymers 2D materials
h (m) 1076~ 1073 1074~ 1073 1079~ 1078
R (m) ~107% ~1073 ~1077
h /Ro 01~1 01~1 0.02~0.2
to (m) ~10°° ~107° ~107°
u (Pa) ~10% ~10° ~ 10!
Yim (N /m) ~1073 ~1072 ~102
o = lm ~1 ~ 1072 ~107*
itz 1~ 102 102 ~1 102 ~1
;(4?/5’% ~10° ~10° ~ 10"
Ao ~ 107! ~1072 ~1071

the control of nanoprintings (Fernandez-Toledano et al., 2020).

Recent experiments reported a slightly different wetting phenomenon where the droplets were confined by ultrasoft (i.e. ultrathin
or ultracompliant or both) elastic membranes (see Fig. 1). It has been found in many different material systems with the membrane
thickness ranging from microns to sub-nanometers. Examples include cellular blebs (i.e., the protrusion of cell membrane) (Fig. 1a)
(Charras, 2008; Dimova and Lipowsky, 2012), epithelial domes on an elastomer (Fig. 1b) (Latorre et al., 2018), the blistering of
thermosensitive hydrogel (Fig. 1¢) (Shen et al., 2019), and the nano-bubbles at 2D material interfaces (Fig. 1d) (Sanchez et al., 2021,
2018). We call this phenomenon elastic wetting because the elasticity of the membrane and the surface tension of the liquid together
govern the wetting behavior.

Elastic wetting involves liquid bulging an elastic membrane, which is reminiscent of classical blister tests — a popular setup to
measure the elastic and adhesive properties of thin films (Dannenberg, 1961; Vlassak and Nix, 1992). A major difference is that the
classical models of blister tests typically neglect the surface tension of the liquid (Gent and Lewandowski, 1987; Jensen, 1991; Xiang
etal., 2005). As a consequence, blisters pressurized by either gas or liquid would lead to identical measures of material properties, such
as the stiffness of the film and the film-substrate interface adhesion (Cao et al., 2015, 2014; Hohlfelder et al., 1996; Wang et al., 2013;
Yue et al., 2012).

As the film thickness and modulus decrease, the elastic energy drops to a level comparable with or even lower than the surface/
interface energies, which we refer to as elastic wetting (Fig. 1). In this scenario, the behavior of the blister would depend on the specific
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(a) Undeformed configuration (b) Deformed configuration

rigid rigid
Fig. 2. An axisymmetric droplet trapped between a rigid substrate (gray) and a thin elastic membrane (red): (a) the undeformed configuration, (b)
the deformed configuration.

type of liquid. Experimentally, it has been observed that the aspect ratio (i.e., height-to-radius ratio) of the droplet trapped between
monolayer graphene and a graphite substrate could increase by ~40% as the droplet substance changed from ethanol to water
(Ghorbanfekr-Kalashami et al., 2017). The aspect ratio of such elastically confined droplets has been proved to be also an indicator of
the membrane-substrate adhesion (Dai et al., 2019; Sanchez et al., 2018). In this work, we focus on elastic wetting problems in which
the droplet is supported by a substrate while confined by an ultrasoft elastic membrane. We note that there also exist a number of other
interesting phenomena in the literature that may share similar physical ingredients of the elastic wetting, such as droplets being
confined by an elastic capsule (Knoche et al., 2013), being supported by a suspended membrane (Davidovitch and Vella, 2018; Liu
et al., 2020), and being sandwiched by elastic membranes (Schulman and Dalnoki-Veress, 2018).

Despite increasing experimental observations of elastic wetting (Fig. 1), there is no complete theoretical framework to offer
quantitative understanding and prediction. As a result, a number of fundamental questions remain unanswered: How does the
membrane elasticity perturb the Young-Laplace equation built for sessile drops (i.e. classical wetting where droplets are supported by a
substrate without membrane coverage)? How does the thin confining membrane modify the contact line previously described by the
Young’s equation? When can the substrate be considered rigid? These natural questions would be more intriguing for the membrane-
confined droplets with large aspect ratios, e.g. 0.2 (to be addressed in discussions), when both material and geometric nonlinearities set
in. Blisters with large aspect ratios indeed have been widely observed in experiments. Table 1 summarizes the possible scales of pa-
rameters pertinent to elastic wetting, including the central height of the blister, h, the base radius of the blister, Ry, and the corre-
sponding aspect ratio, h/Ro. When droplets are confined under biological or soft polymer membranes, the maximum aspect ratio could
reach ~1 (Charras, 2008; Latorre et al., 2018; Shen et al., 2019). For bubbles trapped on 2D material interfaces, the maximum aspect
ratio approaches 0.2 when the interface adhesion is strong (Dai et al., 2020a; Ghorbanfekr-Kalashami et al., 2017; Khestanova et al.,
2016). Other parameters in Table 1 will be discussed later.

To answer those fundamental questions and to achieve quantitative predictions, we present a fully-coupled theoretical framework
for elastic wetting, which contains the large deformation, the material nonlinearity, the interface energies as well as various interfacial
constraints. We show that in elastic wetting, the pressure difference across the membrane/droplet interface can be described by a
simple superposition of the Young-Laplace equation and the nonlinear membrane equation. Dimensionless governing parameters
emerge naturally during the derivation. We discover that the interplay of nonlinear elasticity, geometric nonlinearity, and interfacial
tension, together with membrane-substrate adhesion, leads to surprisingly rich elastic wetting configurations. We demonstrate that
this understanding could potentially be used to determine liquid-membrane interface energy and the membrane-substrate adhesion
energy.

This paper is arranged as follows. In Section 2, we establish the theoretical formulation for elastic wetting on a rigid substrate. In
Section 3, we demonstrate an imaginary case of elastic wetting with a roller boundary that can successfully decay to the sessile drop
scenario when the membrane stiffness vanishes. In Section 4, we unveil the quasi-static growth of a membrane-confined droplet with or
without interfacial slippage by comparing three different boundary conditions: clamped, adhesive, and slippery boundaries. Section 5
discusses the effects of substrate compliance and the applicability of our nonlinear theory of elastic wetting, followed by concluding
remarks.

2. Theoretical formulation

This section provides the complete formulation for the boundary value problem of elastic wetting in the order of kinematics,
equilibrium, constitutive law, and boundary conditions.

2.1. Kinematics

We consider an axisymmetric droplet trapped by an isotropic thin elastic membrane on a rigid substrate. The blistering process is
modeled as a flat thin membrane with an initial thickness t, being inflated by incompressible liquid. A coordinate system (e, e;) is
introduced, with its origin located at the center of the undeformed membrane. The thin membrane assumption warrants the same
profile of the droplet and the membrane. Fig. 2 offers the schematics for undeformed and deformed configurations. In the undeformed
configuration (Fig. 2a), the membrane is assumed to be stress-free, and each material point can be labeled by (R,0). In the deformed
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configuration (Fig. 2b), the blister profile can be specified by the radius r(R), the height z(R), and the thickness t(R). The edge of the
blister, i.e. the location of the contact line, is specified by (r,0), which corresponds to (R, 0) in the undeformed configuration, i.e., ro
= T(Ro).

Let 4., 49 and 4, denote the principal stretches of the membrane along the radial, hoop, and thickness directions, respectively, we

have
[ 2 !
A=\r?+77 /19—;, A= M

where ()’ represents d( )/dR. As shown in Fig. 2b, ¢(R) is the slope of the deformed blister profile at the location (r,z), satisfying

’ ’

sing = —}% cosph = /% 2)

Moreover, ¢, = ¢(Ro) is the contact angle of the droplet under the elastic confinement, which we call the elastic wetting contact angle.
Assuming the membrane is incompressible (e.g. elastomers), i.e., 4,494 = 1, the thickness of the deformed membrane is

)

Ao (3)

Elastic wetting with compressible membranes can be further investigated by considering the Poisson’s effect. However, it is expected to
share very similar features with incompressible membranes in terms of blister profiles. The two situations should only differ quan-
titatively as illustrated in Sanchez et al.’s work that derived the aspect ratios of 2D material confined bubbles for different Poisson’s
ratios (Sanchez et al., 2018).

The area of the liquid-membrane interface in the deformed configuration is

Ry
A :/27zr 7?4+ 2%dR, “4)
0

the area of the liquid-substrate interface is

Ry
Ay =gry = /271'rr’dR7 )

0

the area of the membrane-substrate interface is

)

A; = /2nrr’dR, (6)

Ro

and the volume of the membrane-confined droplet is

Ro

V= / 27rr zdR. @
0

2.2. Equilibrium equations

Taking both elastic and interface energies into consideration, the total free energy of the elastic wetting problem can be written as

I=U, — ApV +7,,A1 + 7,42 + 7,43, (€)

where Uy, is the strain energy due to the stretching of the membrane, Ap is the inner pressure of the droplet, y;,, 7;; and y,,, are the
energy densities of the liquid-membrane interface, the liquid-substrate interface, and the membrane-substrate interface, respectively.
We neglect the gravity of the liquid here due to the small-scale nature of the elastic wetting problem, though the gravity, as well as
other external potentials (e.g., electrical potential) (Zhao and Suo, 2008; Zhu et al., 2010), could be readily added to Eq. (8) (Bico et al.,
2018; Roman and Bico, 2010). In this paper, all three interface energy densities are assumed to be constant, i.e., independent of the
deformation of the materials, which is expected to be true for amorphous elastomers (Schulman et al., 2018). Some polymeric ma-
terials have time-dependent surface/interface tensions due to the remodeling of the polymer chains on surfaces (Yasuda et al., 1981).
However, we do not consider such complexity here so that the simplified theoretical setting would allow for the exploration of some
critical features of quasi-static elastic wetting systems. For crystalline membranes (e.g., 2D materials), although their strain-dependent
surface energies were investigated by considering the Shuttleworth effect (Shuttleworth, 1950), such effect could still be neglected in
our elastic wetting analysis because most blisters confined by 2D materials have relatively small aspect ratios (see Table 1) and hence
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small strains in the membranes (<~ 2%).
Combining with Eq. (1), the membrane energy U,, can be computed by

Ro )

U, = / 27t0RW(r, ¥,z )dR + / 2mtRW (r,r )dR, 9)

Ro

where W = W(4,, ) is the strain energy per unit volume in the undeformed configuration of the membrane. The second term on the
right side of Eq. (9) accounts for the membrane energy outside of the membrane-confined droplet where z =z = 0. This term would
be zero when the membrane is clamped along the contact line. However, for droplets confined by atomically smooth 2D materials (one
of the cases that will be discussed in Section 4), the membrane could slide on the substrate with negligible shear resistance such that
this term is no longer zero (Wang et al., 2017b).

Substituting Eqs. (4)-(7) and (9) into Eq. (8), one can perform variations of the total free energy IT with respect to r, 2, r.Z. At
equilibrium, the principle of minimum free energy is applied, i.e.,

ST = 0, (10)
which leads to equilibrium equations

kN, + kgNg + 7,, (K, + ko) + Ap =0

, <R<Ry, 11
aN, NN VOSR<R, an
dR r B
and
z=0
V R > R,. (12)

dn. (N, — Ny)

dR r =0

We use k; and k, to denote the principal curvatures in the directions of the principal stretches A, and Ay, respectively:

r’ 7 — r//Z’ Z’
K = — - Ky = — - . 13)
l (r2+z2)3/27 r(r2+zz)l/2

N, and N, are in-plane radial and hoop membrane tensions, respectively, which could be related to the in-plane Cauchy stresses of
the membrane, o, and o,, through

7[0 ow

ty OW
N, =to, = =2

e Ok

Zairv 6 —

(7] (14)

where 6, = 4,(0W /02;) and oy = A9(0W /dA).
2.3. Constitutive law

The normal equilibrium in Eq. (11) indicates that the pressure difference across the liquid-membrane interface is a simple sum-
mation of pressures due to membrane tension (via a nonlinear membrane theory) and interfacial tension (via Young-Laplace equation).
Unlike the uniform interfacial tension, the membrane tension varies spatially, depending on the local stretches as well as the
constitutive law of the membrane, as delineated in Eq. (14). This motivates us to investigate the effect of different material behaviors
on elastic wetting. To do so, both neo-Hookean and Gent material models are adopted in this paper. The neo-Hookean model (Rivlin
and Taylor, 1948) provides a mathematically simple constitutive law for the nonlinear behavior of isotropic polymers such as elas-
tomers. The strain energy density is given by

W:li</12 2 LJ). 15

2\ T +,1§,1§ ’ (15)

where p is the shear modulus of the membrane. When the length of each polymer chain approaches its finite contour length, the
following Gent model (Gent, 1996, 2005) captures a strain hardening phenomenon

I, -3
W= _gjmm(1 —IJ—), (16)

where J;, is a material constant related to the limiting stretch of the membrane and I; is the first invariant of the left Cauchy—Green
deformation tensor. It is obvious that the neo-Hookean model is a special case of the Gent model when J;;, — 0.
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Table 2
Tllustration and mathematical description of the sessile drop and the membrane-confined droplet with four different boundary conditions.

Droplet Sliding Clamped Adhesive Slippery

Schematic

—
Vs — Vs Vs —Vis i — +
Contact angle cospy =8 cosy = Ni Arbitrary cosdo = cospy — Yms — Vs + N
Il T+ Vim N+ Vim
Yms = Vis + 4 Ny —toW~
- . Ny + Vim
Variation Prescribed volume R = const Ry =ry = const Ry =rg # const Ry # const
constraint rp # const ro # const
Controlling (I:Lﬂoo;/}: a:}/lim;/}:}'s*ns o = lm a:hl;ﬂ:Yms*Vk a:ni;ﬂzrm*VB
numbers Hlo Hto Yim Hto Hto Yim Hto Vim

Vs — Vs

71

2.4. Contact line (boundary conditions)

Having shown that in the elastic wetting problem, the Young-Laplace equation is modified by the addition of a nonlinear membrane
theory, we further demonstrate a plethora of complexities emerging at the contact line due to the existence of membrane. The
boundary terms generated when proceeding Eq. (10) constitute boundary conditions for the elastic wetting problem. The details of the
derivation are tedious and presented in Appendix A. Here, we discuss the general conclusions in brief.

At the contact line of the blister ro = r(Ry), r(R) and z(R) are continuous, while 7 (R) and z (R) can be discontinuous. To describe
different continuity conditions, we use (x)” and (x)* to represent x evaluated on the left (inner) and right (outer) sides of R = Ry,
respectively. In addition, the initial radius of the contact line Ry could have nonzero variation, i.e., SRy # 0, when the membrane-
substrate interfacial delamination propagates. Therefore, the variation of the evaluation of a function f(R) at R = Ry (i.e., 5f(Ro))
could be different from the evaluation of the variation of this function (i.e., (6f)(Ro)). In particular, (6f)(Ro) = 6f(Ro) — f (Ro)dRo.
Based on the grounds, the boundary terms derived from Eq. (10) are expressed as (also see Appendix A for details)

[c0s¢p™ (N, +7im) = Ap2o + (71 = V) — COSGTN | roSro+
[—ro(A N, =4 N}) + Roto (W™ — W")]8Ro—
rosing™ (N, +74,) 820 + [(COSPN; + 7, )1]| 87(c0) = 0, a7z

where 2o = 2(Ry). If the substrate is considered as rigid and flat, one haszyp =dz9 =0, " = ¢|
the elastic wetting contact angle, such that Eq. (17) can be simplified slightly,

=0,and ¢~ = ¢,, which is defined as

)

[cosgpy (N, +710) + (ris = Ve) = N Jrodro+
[—ro(A, N, —4INS) 4+ Roto (W™ — W)|6Ro+

[(N: + 7)1l 61 (00) = 0. (18

Besides, due to the axisymmetry, the membrane always satisfies
r(0) =7 (0) = 0. 19)

Equation (18), including both elasticity and interface energy terms, gives rise to abundant boundary conditions at the contact line.
We first consider an ultrasoft membrane sticking to the substrate (without slippage) through adhesion. In this context, we may neglect
the elasticity terms in Eq. (18) and have 6ry # 0, SRy =0, ér(co0) = 0. It is then natural to define the contact angle in this elasticity-free
case as the effective Young’s contact angle,

_ _17 ﬂg_l _
cospy ={ B, Be[—1,1]  wherep="m "V (20)
1, p>1 Vim

since it is analogous to Young’s equation. With this definition, we may understand the essence of the contact line in the elastic wetting
problem by examining how the elastic wetting contact angle ¢, is evolved from the effective Young’s contact angle ¢y when the elastic
force acts on the contact line. The evolution would not only depend on the membrane properties but also vary with the extent to which
the substrate constrains the membrane. We note that though ¢y is always within [0, 7], the term $ is not limited to [ — 1,1]. Physically,
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p > 1 results in complete wetting whereas f < —1 corresponds to complete de-wetting at the interface. We will show that f is one of the
two dimensionless groups that control the elastic wetting problem.

Though more subtleties would appear when the substrate is deformable (see discussion in Section 5.1), an understanding based on
rigid substrates should be a starting point to grasp the physics and mechanics of elastic wetting. In particular, we consider four types of
constraints on the contact lines as summarized in Table 2 and discussed in the following subsections, i.e. Sections 2.4.1-2.4.4.

2.4.1. Sliding boundary

We begin by discussing an imaginary contact line, the sliding boundary (see Column 2 of Table 2), where a membrane with an
initial radius of Ry is fixed vertically but free to slide laterally (i.e., not subjected to any horizontal constraints) at the contact line. The
aim of considering this case of elastic wetting is to compare directly with a sessile drop (see Column 1 of Table 2). This comparison can
be used to verify our theory by checking whether the elastic wetting degenerates to the classical wetting when membrane tension is
trivial. More importantly, the comparison would provide simple, illustrative demonstrations of how the nonlinear elasticity modifies
the classical Young’s equation regarding the contact angle as well as the Young-Laplace equation regarding the normal force balance
for a sessile drop. Based on the mechanism elucidated here, the results of more realistic boundary conditions will be presented in later
sections.

Now, the R > R part of the membrane is removed. The terms in Eq. (18) involving R] are set to be zero. In addition, the parameters
defined in Eq. (20) need to be modified slightly by substituting y,,; with y, i.e.,

f = cospy =T, 1)

Vim

The edge of the membrane could slide freely along the lateral direction, which means

8ro # 0,8Ry = 0, 6r(c0) = 0. (22)

Eq. (18) then becomes

[COS(/’O (N; +YIm) + (74 *}’s)]”ﬂ‘sro =0. (23)
Egs. (19) and (23) complete the boundary conditions required for solving the equilibrium Eq. (11) with a sliding boundary, namely

/ Vs — Vis
0) = z(Ry) = z (0) = 0, =25 b 24
r(0) = z(Ro) = z (0) = 0, coseh, N 1., (24)
Eq. (24) clearly suggests that the elastic wetting contact angle is a simple modification of the effective contact angle due to the
membrane tension N, at the contact line. Since the membrane tension term in Eq. (24) would be normalized by the in-plane stiffness,
two dimensionless groups arise naturally; they are  (or ¢y) in Eq. (21) and

a= }% (25)
0

which compares the liquid-membrane interface energy density with the membrane stiffness and may be thought of as the elasto-
capillary number in the elastic wetting problem. Systems with larger a are more likely to be dominated by their interface properties,
otherwise by their membrane properties. Typical values of @ are provided in Table 1, indicating that blisters with ultrathin and ultra-
compliant biological membranes are more sensitive to the elasto-capillary effects.

2.4.2. Clamped boundary

In reality, there often exists a constraint on the membrane at the contact line due to either membrane-substrate adhesion or
externally applied fixture. When the constraint is much stronger than the membrane and interfacial tension, it can be modeled as the
clamped boundary that has been frequently used in classical bulge tests. Under this condition, the horizontal constraint could be
treated as infinite, and the edge of the membrane is fixed on the rigid substrate (see Column 3 of Table 2), leading to

8ry = 6Ry = &r(c0) = 0. (26)

As a result, Eq. (18) is automatically satisfied. Eqs. (19) and (26) present the boundary conditions for equilibrium Eq. (11) with
clamped boundary, namely

r(0) =2 (0) = z(Ry) = 0, r(Ry) = Ro. 27)
In this case, only one controlling parameter appears in the normal equilibrium of Eq. (11), that is, the elasto-capillary number a.

2.4.3. Adhesive boundary

Instead of being infinite, the constraint along the contact line is usually limited by the adhesion between the membrane and the
substrate. This is particularly true for liquid trapped between an adhesive interface aggregates into a blister (e.g., blisters formed when
2D crystals transferred on a substrate as shown in Fig. 1d) or when interfacial liquid generates and initiates membrane-substrate
delamination (e.g., blisters form on hydrogel surface as shown in Fig. 1c). Either case shall be in equilibrium, although the
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limitation of the horizontal constraint comes from work of adhesion in the former and work of separation in the latter. We study this
equilibrium using an adhesive boundary (see Column 4 of Table 2), assuming Mode 2 delamination (tangential displacement at the
contact line) negligible. For an equilibrated membrane-confined droplet (i.e., membrane-substrate delamination has propagated), we
have ry = Ro but Ry is allowed to vary to minimize the total free energy or to achieve equilibrium. We therefore have

8ro = 6Ry # 0,6r(c0) = 0. (28)

As the tangential displacement at the contact line is not allowed, trivial solutions can be obtained for the attached membrane (R > R;).
The terms in Eq. (18) involving R{ go to zero. With Eq. (28), Eq. (18) could be rewritten as

[COSF/’O (N: +YIm) + (Vi = Vus) = A N, +th’]r05r0 =0. (29
Egs. (19) and (29) then give rise to the boundary conditions for equilibrium Eq. (11) with adhesive boundary, namely

/ s = Vs T AN, — oW~

r(0) =z (0) = z(Ro) = 0,cosghy = N-t7, (30)

Like the case with the sliding boundary, this problem would depend on two dimensionless groups: @ and f. The difference is that the g
used for the adhesive boundary is defined by Eq. (20) while the f for the sliding boundary is defined by Eq. (21).

2.4.4. Slippery boundary

Finally, we consider an equilibrated droplet confined under an elastic membrane, where the membrane is allowed to slide laterally
without shear resistance, which we call the slippery boundary (see Column 5 of Table 2). This boundary condition is motivated by two
specific examples — 2D materials that feature an atomically smooth interface (Dai et al., 2018) or wet interfaces with negligible friction
(Chopin et al., 2008). The bonded part is still considered as “attached” after horizontal slippage such that the interface energy remains
unchanged. We will show that the “attached” membrane, in this case, is subjected to hoop compression due to the edge slippage, which
is the differentiation from the sliding boundary. A more appropriate treatment is to release such compression via elastic instabilities. It
warrants further investigations but is out of the focus of this work. Due to the slippage, we have ry # Ry and both of them are unknown,
ie.,

org, ORy # 0. (31)
For the attached part (R > Ry), we have

r(RY) =10, Nl = Vs (32)

as the boundary conditions for equilibrium Eq. (12). In computations, since the slippage at far-field is very trivial, we adopted a fixed
displacement condition at the outer edge of the membrane, say r(100R,) = 100Ry, for simplicity. Now Eq. (18) gives two conditions at
the contact line,

Yms — Vis + NS
=fms Tl 33
coso NZ+ Vi 33
and
Ro(W- — W+
N — N = DR W = W) 34)
o
Egs. (33) and (34) can be used to solve for ry and Ry, with boundary conditions for Eq. (11),
7(0) =2 (0) =0, r(Ry) = ro, z(Ry) =0. (35)

This case still relies on a and f.

Based on the equilibrium equations and boundary conditions given above, we adopted the well-established shooting method to
solve the elastic wetting problem (such as the ODE45 solver in Matlab), which is presented in detail in Appendix B. In calculations, we
used all normalized parameters (see details in Appendix B). The central deflection is normalized by ry as z(0)/ro to present the aspect
ratio of the deformed blister. The volume is normalized as V/Vy where Vo =2 zR3. The inner pressure Ap is normalized to be ApRy /uto
according to Eq. (B.5) or (B.6). Note that the normalized volume is a measure of the deformation of the thin membrane: a larger
normalized volume suggests a larger deformation in the membrane. Besides, particular attention should be paid to adhesive and
slippery boundaries because R, develops as the delamination propagates. We thus let the notation R, be the radius of the pre-existing
delaminated zone and R; be the radius of the delaminated zone after interfacial delamination (R; > Ry) in the undeformed config-
uration (similarly, ro and r; in the deformed configuration).

3. Comparison between elastic wetting and classical wetting

In this section, we present numerical results for the elastic wetting problem with the imaginary sliding boundary (Column 2 of
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Fig. 3. Profiles of droplets confined by neo-Hookean membranes subjected to sliding boundary conditions. V/Vy, = 0.5 is prescribed while the
elasto-capillary numbers « is varying. Solid curves correspond to ¢y = /4 and dash-dot curves for ¢, = 37/4. The two red curves overlay.
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Fig. 4. The evolution of (a) the elastic wetting contact angle and (b) the aspect ratio of droplets confined by neo-Hookean membranes subjected to
sliding boundary conditions for ¢, = n/4 (dash-dot-dot curves), 7/2 (dashed curves) and 37/4 (solid curves) with various a. The arrows indicate a
decreases from oo to 0. In (a), all the dashed curves and red curves (i.e., when ¢y = /2 or @ = 0) collapse to the red solid line. In (b), all the red
curves (i.e., when a = 0) collapse to the red solid curve.

Table 2), which could be understood via several concepts in the classical wetting problem. As a demonstration, in Fig. 3, we first show
profiles of membrane-confined droplets with a hydrophilic and a hydrophobic effective Young’s contact angle ¢y, = /4 (solid curves)
and 37/4 (dash-dot curves), respectively, under a prescribed volume of V/V, = 0.5 for various elasto-capillary numbers . Whena =0,
the profiles of these blisters, i.e. the two overlapping red curves, are controlled by the elasticity of the membrane, featuring an elastic
wetting contact angle of z/2 regardless of the effective Young’s contact angle. As a increases, the elastic wetting contact angle starts to
deviate from /2 due to the effect of interfacial tension, till it approaches ¢y .

We further plot the evolution of the elastic wetting contact angle ¢, and the aspect ratio z(0)/ro vs. V/V, under various effective
Young’s contact angle ¢ and elasto-capillary number «a in Fig. 4. As expected, ¢, — ¢y as @ — oo regardless of the deformation as
represented by the three horizontal lines in Fig. 4a. This result confirms that elastic wetting with a sliding boundary (Column 2 of
Table 2) could indeed decay to classical wetting (Column 1 of Table 2) when the interfacial tension dominates over the membrane
elasticity, i.e., y;,, > N, . Since the sessile drop in classical wetting exhibits a spherical cap shape, the aspect ratio should remain
constant at a given ¢y regardless of the liquid volume, which is consistent with our numerical solutions when a — o (see the three
horizontal lines in Fig. 4b). In contrast, when the elastic force dominates, i.e. @ — 0, all curves consolidate into the red horizontal line
in Fig. 4a, i.e. ¢y = 7/2, indicating that all cases decay to the case of air bulging of a thin membrane (i.e., @ = 0). Therefore, the
corresponding aspect ratio-deformation relations are independent of ¢y, i.e., all the red curves in Fig. 4b collapse to the solid red curve.
Also obvious in Fig. 4b, only when the deformation is relatively large (i.e., V/V, > 0.8 so that elasticity dominates), the blisters with «
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Table 3
Tllustrations of force balance at the contact line (blue dots) in elastic wetting with sliding boundaries.
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= 0 could approach a hemispherical profile (i.e., aspect ratio approaching 1). In more general cases, when ¢y # 7/2 and «a is nonzero
and finite, the elastic wetting contact angle ¢, should be determined by both interfacial and elastic tensions and the latter could be
tuned by the deformation of the thin membrane (see Fig. 4).

The elastic wetting contact angle is sensitive to the droplet volume when V/V, < 0.4, i.e. when elasticity cannot fully dominate over
interfacial tension (see Fig. 4a). This could be understood through the investigation of how the elasticity (favoring = /2) modifies the
Young’s equation (favoring ¢y), which is further illustrated by the force balance at the contact line in Table 3. We will focus our dis-
cussion on the case of ¢, < 7/2 but the physical argument also applies to the case of ¢, > x/2. In this context, though numerical so-
lution allows ¢y < ¢y, we found that the stretches at the center of the membrane are only greater than 1 (i.e. the membrane is in tension)
when ¢, >~ ¢y. Therefore, we focus on numerical results in Fig. 4a with ¢y € (¢y, 7/2). As a result, the corresponding aspect ratio-
deformation curves in Fig. 4b do not emanate from the origin when « is nonzero and finite. Specifically, for systems with ¢, ~ ¢y, the
membrane tension is relatively small (4,, 49 ~ 1), hence the tangential force is dominated by the liquid/membrane interfacial tension 7,
(see the 1st row of Table 3). As the deformation increases, the membrane tension provides a modification to the classical Young’s
equation (see Eq. (24)) or an additional force that lifts the ¢, towards z /2 (see the 2nd row of Table 3). This process is best illustrated by
an animation of a numerically solved blister profile evolution with a sliding boundary in supplementary Video 1. For the specific cases of
either ¢y = /2 or @ = 0, both the membrane tension and the liquid/membrane interfacial tension at the contact line are vertical, which
satisfies the horizontal “force equilibrium” (see the 3rd row of Table 3). As a result, the elastic wetting contact angle remains to be z /2
and all the dashed and red curves in Fig. 4a collapse to the red solid line. However, the dashed curves do not collapse in Fig. 4b as those in
Fig. 4a. This is because the interfacial tension exerted at the contact line increases as a increases, which lifts the aspect ratio.

Besides the blister profiles, the inner blister pressure is another important parameter, particularly for 2D-material-confined liquids
with possible applications such as interface-confined high-pressure (e.g. 2 GPa) chemistry (Lim et al., 2014). We hence plot the
normalized pressure vs. deformation in Fig. 5. Since the normal equilibrium is a simple summation of the membrane-tension induced
pressure and the Young-Laplace pressure as given in the first equation of Eq. (11), a system with a larger elasto-capillary number would
produce larger Young-Laplace pressure under the same level of deformation. Note that at large deformations, the nonlinear elasticity of
the membrane could release the pressure, reminiscent of the snap-through instability while inflating a neo-Hookean balloon. The
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Fig. 5. Normalized pressure-deformation relations for elastic wetting with neo-Hookean membranes and sliding boundaries under various elasto-
capillary numbers a.
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Fig. 6. Solutions to elastic wetting under clamped boundary with various elasto-capillary numbers a and different membrane constitutive laws —
neo-Hookean (solid curves) vs. Gent (dashed curves). (a) Normalized pressure-deformation relation. (b) Blister profiles at givena =2 and V /V, =
4. (c) Elastic wetting contact angle-deformation relation. (d) Aspect ratio-deformation relation.

results in Figs. 3-5 are based on the neo-Hookean constitutive law. Results based on the Gent constitutive law only show slight
quantitative differences and therefore are presented in —Figs. C1-C3 in Appendix C.

Our model and solution for the elastic wetting problem with a sliding boundary reveal the dramatically changed droplet profile and
pressure from classical wetting, which is attributed to the elasticity-surface/interface tension interaction. Due to the limitations in
accurately detecting the edge profiles at small scales, we realize that the aspect ratio (see Fig. 4b) may be a more practical geometric
feature to measure in experiments, whereas the elastic wetting contact angle can be leveraged as a mathematical tool to elucidate the
force balance at the contact line. Therefore, to unveil elastic wetting problems subjected to other contact/boundary conditions, in what
follows, we present the numerical results in terms of the pressure, the profile, the elastic wetting contact angle, and the aspect ratio of
the soft membrane-confined droplet.
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Fig. 7. Normalized (a) free energy-deformation and (b) pressure-deformation relations for elastic wetting with a neoHookean membrane and an
adhesive boundary when a = 0.5 and f = —5 are given. The black and red curves represent configurations without and with edge delamination,
respectively. The solid curves represent the actual evolution pathways of free energy/pressure. The blue marker at the intersection of the black and
red curves highlights the critical volume-to-delaminate. (c) The growth of the blister profile under the adhesive boundary. The black and red parts
represent the sections of the membrane that are initially detached from or attached to the substrate before any liquid injection. In other words, the
red parts are delaminated membrane due to the increased liquid volume. For the two blister profiles labeled with “before delamination”, their
prescribed volumes are V/V, = 0.3 and 0.9.

4. Solutions to elastic wetting under different boundary conditions

In this section, we consider elastic wetting with more realistic boundary conditions listed in Table 2. We first assign an infinite
constraint, i.e. a clamped boundary (see Column 3 of Table 2). We then consider finite horizontal constraint due to the finite
membrane-substrate adhesion, which leads to edge delamination without slippage (see Column 4 of Table 2) and with slippage (see
Column 5 of Table 2). We note that there may exist an initially delaminated area in experiments (Benet and Vernerey, 2019; Shen et al.,
2019). After the membrane is further inflated, the problem is first under clamped boundary and then subjected to edge delamination
when the membrane tension is substantial enough to cause the membrane-substrate interface failure (Benet and Vernerey, 2019).

4.1. No edge delamination (clamped boundary)

Of interest is the process of the quasi-static inflation of liquids at the membrane-substrate interface (a.k.a. blistering or bulging)
with pre-existing circular delamination of radius Ry. Before further delamination occurs, the system can be considered as elastic
wetting with a clamped boundary, as illustrated by Column 3 of Table 2. Classical bulging solutions considered material and geometric
nonlinearity but not interfacial tension (Wang et al., 2017a; Xie et al., 2016). Taking interfacial tension into consideration, we
numerically solve the boundary value problem defined in Section 2.4.2.

Fig. 6a plots the normalized pressure-deformation relation of different a based on two different material laws. Similar to the sliding
boundary discussed in Section 3, a higher elasto-capillary number yields higher pressure. Unlike the sliding boundary, the clamped
boundary shows a discernable deviation between the two material laws at large deformations (i.e., V/Vy > 1). Specifically, as the
liquid volume increases, the pressure first increases dramatically and then decreases gradually for a neo-Hookean membrane, whereas
an N-shaped pressure-deformation curve is observed for a Gent membrane. The difference is attributed to the strengthening phe-
nomena included in the Gent model when the applied stretch approaches the limiting stretch of the polymer chains, i.e., I} —3 - Jp (Jm
=100 in our computation). Consequently, given the same volume, the droplet confined by a Gent membrane is predicted to exhibit
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smaller aspect ratios than that under a neo-Hookean membrane of the same shear modulus (see Fig. 6b). In fact, with the clamped
boundary, both the elastic wetting contact angle and the aspect ratio can be tuned by the liquid volume, as shown in Figs. 6¢ and 6d. It
is worth noting that the elastic wetting contact angle and the aspect ratio of the droplet confined by neo-Hookean membranes are
insensitive to the elasto-capillary number a whereas the Gent membrane leads to slightly decreasing elastic wetting contact angle and
increasing aspect ratio with increasing a, especially at large deformation. We again attribute such difference to the strengthening effect
of the Gent model at large deformation. The quasi-static growth process of a droplet confined by a neo-Hookean membrane with a
clamped boundary can be visualized through supplementary Video 2.

4.2. Edge delamination without slippage (adhesive boundary)

4.2.1. Solutions to edge delamination without slippage

The assumption of clamped boundary breaks down when edge delamination occurs as the base radius of the blister starts to vary.
We first consider an adhesive boundary that allows normal separation but prohibits horizontal slippage at the membrane-substrate
interface. Hence the undelaminated part of the membrane is stress-free. The criterion of edge delamination is that the elastic wet-
ting contact angle satisfies the boundary conditions expressed in Eq. (30) (also included in Column 4 of Table 2). As we discussed in
Section 2.4.3, this criterion depends on two dimensionless groups: a (i.e., y;,/uto) and g (i.e., (yms — 71)/71m)- The numerical solutions
to the adhesive boundary are plotted in Figs. 7 through 9. The critical volume-to-delaminate can be determined through the com-
parison of the total free energy of undelaminated (black) and delaminated (red) configurations, as plotted in Fig. 7a, where @ = 0.5 and
B = — 5. The intersection is marked by a blue square, where the criterion is first satisfied or beyond which edge delamination occurs.
Fig. 7b plots the normalized inner pressure before (black) and after (red) edge delamination. Hence the actual pressure should evolve
along the black curve at small volumes and then along the red curve beyond the blue marker, i.e. along the solid curves in Fig. 7b.

Red curves in Fig. 7 are obtained by considering that the edge of the blister has delaminated to enlarge the radius from ry (or Ry in
the undeformed configuration) to r; (or R; in the undeformed configuration), where ro = Ry and r; = R; due to prohibited edge
slippage and R; > Ry. To calculate the pressure and profile of the delaminated blister, we may consider the elastic wetting problem
with a clamped boundary but using parameters V/V; (where V; = 4zR3/3), ApR; /uto, z/r1 and ¢, all normalized based on R;. The
advantage of this normalization is that the critical pressure or volume relies only on a and § and is independent of any lengths,
including the radius of the pre-existing delamination zone. In other words, (V/V1), = (V/Vy), and (ApR; /uty), = (ApRo/uto), for any
Ry > Ry. However, it is still convenient to plot the delaminated pressure-deformation relation by the coordinates based on Ry (e.g.,
ApRy/uty and V/V;). We hence leverage the following relation to cancel out the radius R;:

()
Vi—] =C(a,p). (36)
V20

Eq. (36) gives rise to the red curve in Fig. 7b, where the constant C(a, ) is determined by the fact that Eq. (36) has to pass the blue
marker (i.e., the critical delamination point). As long as this criterion is satisfied, the pressure-deformation curve would switch from
the black to the red curve that denotes equilibrated states. Similar relations for Gent membranes are shown in Fig. C4 in Appendix C,
where we find that the edge delamination initiates earlier than the droplet confined by the neo-Hookean membrane due to the
strengthening effect of the Gent membrane.

The profiles of the blister before and after delamination are plotted in Fig. 7c. Before edge delamination, i.e. V /Vy < (V/Vp),, the
membrane-confined droplet behaves like a clamped blister and we plot two of them with prescribed volumes of V /V, = 0.3 and 0.9 as
labeled in Fig. 7c. Once V/V, > (V/Vy),, edge delamination kicks in. The new system could be thought of as having a pre-existing

delamination zone of radius R;. Its deformation level satisfies V/V; = (V/V1), and its normalized profile z(é) /Ry is identical to

the profile z(R—’O> /Ro at the critical moment defined by V/V, = (V/Vj),. In other words, by doing normalization, all numerical so-

lutions for elastic wetting after edge delamination are identical to the numerical solution for elastic wetting at the critical moment. It is
useful to plot the profile of a delaminated droplet with R; along with the normalization based on Ry, which could be readily achieved
by scaling the profile of the critical moment through z- — 2—; 7 and £ — ﬁ—; #- InFig. 7¢, it is clear that the profiles after delamination
are self-similar as they were obtained by simply scaling the profile at the critical moment. Such volume-independent self-similarity has
been widely found in 2D-material-confined droplets in the literature (Khestanova et al., 2016; Sanchez et al., 2018). The growing

process of a neo-Hookean membrane confined droplet under the adhesive boundary is visualized through supplementary Video 3.

4.2.2. A means to determine (o, f) and membrane-substrate adhesion energy T’

Since the solutions V/V1, ApR; /uto, 2(0)/r1 and ¢, are only dependent on a and f in elastic wetting with adhesive boundary, we
provide the contour plots for these dependencies in Fig. 8 for droplets under neo-Hookean membranes. Of particular interest is the
discovery of the blank spaces in these contour plots, where numerical methods failed to find solutions. The left-side blank space
features large a and small 8. The physical interpretation is that the membrane-substrate adhesion is sufficiently strong to prevent
interface delaminating no matter how much the volume inflates. We will show later in Eq. (38) that the membrane-substrate interface
adhesion energy is related to a(1 — ). We note that the left-side blank space disappears in the contour plots for droplets confined by
Gent membranes (see Fig. C5 in Appendix C), which suggests the interface could delaminate eventually due to the strengthening of the
Gent membrane. The right-side blank space exists for both neo-Hookean and Gent membranes and could be captured simply by g > 1. 8
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Fig. 8. Contour plots of (a) the normalized pressure, (b) the normalized volume, (c) the elastic wetting contact angle, and (d) the aspect ratio in
a ~ f parametric space for elastic wetting with neo-Hookean membranes and adhesive boundaries.
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Fig. 9. Contour curves for z(0)/r1 = 2 and ApR; /uty = 10 in a ~ f parametric space for elastic wetting with a neo-Hookean membrane and an
adhesive boundary.

=1 is equivalent to . = y,;,s — 7;s — ¥im = 0, where .7 is called the elastic wetting spreading number, reminiscent of the spreading
number for classical wetting (Quéré et al., 1990). When .¥” > 0 or > 1, the interface is in complete wetting (¢, = 0) so that liquid
spreads along the interface without bulging the membrane. This scenario has been observed in 2D material systems, where the
membrane and the substrate are relatively hydrophilic, and the membrane-substrate adhesion is relatively weak (Temmen et al.,
2014).

While the membrane elastic properties are relatively accessible, the interface energies are notoriously challenging to detect
experimentally (Calvimontes, 2017). It hence gives rise to the challenge of determining the controlling parameter group (a, f) in
elastic wetting problems. Our contour plots suggest that for a regular elastic wetting system with ¢, € (0,7), a and j could be extracted
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Fig. 10. Normalized (a) free energy-deformation and (b) pressure-deformation relations for elastic wetting with a neo-Hookean membrane and a
slippery boundary when a = 0.5 and = —5 are given. The black and red curves represent configurations without and with edge delamination,
respectively. (c) The growth of the blister profile under the slippery boundary. The black and red parts represent the sections of the membrane that
are initially detached from or attached to the substrate before any liquid injection. For the two blister profiles before delamination, their prescribed
volumes are V/V, = 0.1 and 0.2. (d) Normalized hoop tension in the membrane with edge delamination of Ry = Ry, 1.5Rg, and 2Ry.

once the droplet pressure and one of the three geometrical parameters in Fig. 8 could be measured. It is theoretically possible to extract
(a, p) purely through two of the three geometrical parameters, V/Vi, 2(0)/r; and ¢,. But the error could be excessive since these
geometrical parameters share a very similar dependency on a and g (see Fig. 8). We thus advocate exploiting the combination of
pressure and one of the geometrical parameters, such as the aspect ratio. For example, for a droplet covered by a neo-Hookean
membrane with 2(0)/r; = 2 and ApR; /uty = 10, one can plot corresponding contour curves using Figs. 8a and 8d, and the inter-
sect yields the @ and f of the system (Fig. 9). While the aspect ratio is often easy to detect in experiments, directly measuring the
pressure in micro- or nano- blisters is almost impossible. We will propose an approach to estimate the pressure in Section 5.1 by
observing the substrate deformation if the substrate were not completely rigid. The same methodology could be adopted to find out
(a, p) for droplets confined by Gent membranes (see Fig. C6 in Appendix C).

Knowing a and S of the elastic wetting system with adhesive boundary can shed light on the membrane-substrate adhesion energy
I'. Specifically, according to the definition,

F=yi+7m—Vmo 37)

where y, and y,, are the surface energy densities of the substrate and the membrane, respectively. We may apply Young’s equation such
that Eq. (37) yields

2o a(l— T (cos
pr a(l—p) + pr (cosg,, + cosg, ), (38)

where y; is the surface tension of the interfacial liquid, and ¢, and ¢, are Young’s contact angles of the interfacial liquid on the
membrane and the substrate, respectively. Therefore, the membrane-substrate adhesion energy can be estimated once the membrane
stiffness (i.e., utp) and surface parameters (including a, f, y;, ¢, and ¢,) in the system are known. The extracted I" could be either work
of adhesion or work of separation, depending on whether the droplet is formed via a process of the membrane healing with or
separating from the substrate.
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4.3. Edge delamination with slippage (slippery boundary)

Finally, we allow the membrane to delaminate with free slippage against the substrate so that the membrane in contact with the
substrate is stressed. The main difference between edge delamination without and with slippage is thatr; # R; in the later. The criteria
for delamination with slippage should include the force balance at the contact, i.e. Eq. (33), plus an equation, i.e. Eq. (34), to relate r

3
to R;. The physical concepts discussed in Section 4.2.1 such as the self-similar shape and the invariant V(%) are still applicable to this

case.
We plot the normalized free energy-deformation and normalized pressure-deformation relations before and after edge delami-
nation in Figs. 10a and 10b, respectively. The blue marker locates the onset of delamination when @ = 0.5 and g = —5 are given.

Compared to the position of the blue marker shown in Fig. 7a or Fig. 7b, at the same « and f, the edge delamination occurs much earlier
in a membrane-confined droplet with slippery boundary because the membrane-substrate interface is relatively weak compared with
the adhesive boundary. Fig. 10c plots the evolution of the blister profile. After the onset of delamination, the profiles are again ob-
tained through scaling the profile at the onset of delamination. Notably, the radius of the contact line first shrinks at the early stage of
the bulging, reminiscent of the experimental observation of a flat membrane suddenly wrapped around a droplet due to surface tension
(Antkowiak et al., 2011; de Langre et al., 2010; Paulsen et al., 2015). The wrapping and delamination process under slippery boundary
can be visualized in supplementary Video 4. Figure 10d exhibits the distribution of normalized hoop tractions in the membrane with
edge delamination Ry = Ry, 1.5Rg, and 2Ry. It is clear that all the attached region and part of the bulged region of the membrane are
subjected to hoop compression. Considerations of elastic instabilities that release such compression would be necessary (Chopin et al.,
2008; Dai and Lu, 2021; Dai et al., 2020b; Huang et al., 2007), but are out of the scope of this paper. Besides, similar results for elastic
wetting with a Gent membrane and a slippery boundary are offered in Fig. C7 in Appendix C.

We have provided the full theoretical solutions to elastic wetting under three realistic boundary conditions in this section. We find
that before edge delamination occurs, the system with adhesive boundary first behaves like a clamped bulge test where the interfacial
tension and the membrane tension together balance against the inner pressure through curvature, while the contact line of the system
with slippery boundary first moves inward such that the membrane appears to wrap around the interfacial droplet. Once the bulging
volume reaches the critical volume-to-delaminate or the contact angle reaches the critical value as given in Eq. (30) for non-slipping
interface and Eq. (33) for slipping interface, edge delamination occurs, and the blister grows in a self-similar manner with constant
contact angle afterward. Everything else the same, the slippery boundary greatly reduces the critical volume-to-delaminate compared
with the adhesive boundary due to a weaker membrane-substrate interface. Once the membrane slides inward under slippery
boundary, hoop compression develops in the membrane, which would cause instabilities such as radial buckles but is beyond the scope
of this work.

5. Discussions
5.1. Effects of substrate compliance

Having shown the complexities in pressure and geometry when the droplet is confined between an elastic membrane and a rigid
substrate, we discuss the applicability of our theory when the substrate is not perfectly rigid.

To reveal the effects of substrate stiffness, we start with a simple scaling analysis for the elastic wetting problem on a soft substrate
subjected to a clamped boundary. Based on equilibrium Eq. (11), the inner pressure can be expressed as Ap ~ (N + y)x. Consider the
membrane strain & ~ (h/Rg)?, the membrane tension N ~ utoe ~ uto(h/Ro)? and the curvature « ~ h/R2, we have Ap ~ utoh3 JR¢ +vh
/RZ. Furthermore, the central deflection of the substrate, i.e. §;, due to the inner pressure is less than ApRo/u; ~ ‘Lﬁ (h® /R3 +ah /Ro)
(Lubarda, 2013). Consequently, the ratio of the central deflection of the substrate to the central deflection of the membrane can be
expressed as §;/h <~ ,ﬁ%(hz /R% + ). In most experiments, h/Ro ~ @(1) and a <~ 1 (see the 3rd and the 7th rows of Table 1).
Therefore, we suggest that the effect of substrate compliance on the droplet configuration may be negligible when uty /(4,Ro) < 1.
Considering the fact that ty /Ry is extremely small for ultrathin membrane systems, our theoretical analysis based on the rigid substrate
would stay applicable as long as the membrane stiffness is not orders of magnitude larger than that of the substrate. This also brings an
outstanding opportunity to detect the elusive inner pressure of membrane-confined droplets via the substrate deformation (Latorre
et al., 2018), which should be sufficiently large to allow for accurate experimental measurement yet sufficiently small (compared with
the membrane deflection) to render our rigid substrate assumption valid. Such a conclusion essentially makes use of the nearly linear
elasticity of an elastomeric substrate at small deformation and the highly nonlinear elasticity of a thin membrane at large deformation.

We quantitatively verify the rigid substrate criterion of uty/(u,Ro) < 1 by carrying out finite element modeling (FEM) in Abaqus.
The elasto-capillary effect is simulated by using the UEL subroutine created by Jagota and colleagues (Jagota et al., 1998; Style et al.,
2017; Xu et al., 2014), where a two-node user-defined surface element was developed and applied in various topics involving surface
tensions. In our simulations, both the thin membrane and the substrate were modeled as incompressible neo-Hookean materials. The
substrate was meshed using 2-D axisymmetric elements CAX4H. We chose a domain Q = {(R,Z)|0 <R < 10Rq, —10R, < Z < 0}
whose lateral size and depth were both ten times of the initial blister radius, i.e. 10Ry, such that the substrate could be treated as a
half-space. We considered small substrate-liquid and substrate-membrane interface energies and large membrane-liquid interface
energies such that the substrate was susceptible to deformation under a given blister height. Specifically, y;;, = 7,,s = 0 and y;,, /uto = 1
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Fig. 11. FEM results of the normalized pressure against the normalized central displacement of the neo-Hookean membrane with a clamped
boundary on soft substrates where uty/(y;Ro) = 0, 0.1, 0.2, 1.0, y;, = v, = 0 and y;,,/uto = 1. The result of uty/(u;Ro) = 0 (the black curve)
represents the elastic wetting with a clamped boundary on a rigid substrate.
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were assumed. If the rigid substrate criterion was verified under such parameters, the criterion would be applicable for more general
cases with yy, 7,,s > 0 and y;,,, /uto < 1.

Fig. 11 plots the FEM results of the normalized pressure (ApRy /uty) against the normalized central displacement of the membrane
on a soft substrate. These results were produced by varying uto/(u;Ro) from 0 to 1. The black curve in Fig. 11 corresponds to uty /(4,Ro)
= 0, which represents elastic wetting on a rigid substrate. Clearly, the substrate effect on the pressure-deformation relation weakens as
uto/ (uRo) decreases. Particularly, when uty/(u,Ro) < 0.1, the deviation in pressure between the soft and the rigid substrate analysis is
within 6.5%. This agrees with the scaling prediction of uty/(u,Ro) < 1. Fig. 12 displays the configurations of elastic wetting with uto
/(usRo) = 0.1, 0.2, and 1 under various aspect ratios, further indicating that the substrate deflection becomes negligible compared
with the membrane deflection when uty/(u;Ro) <~ 0.1.

5.2. Signatures of nonlinear elastic wetting

In this section, we discuss the conditions under which the elastic wetting phenomena presented in this work are too significant to
neglect.

e Interface energy. In Section 5.1, we have derived that the blister pressure scales as Ap ~ utoh®/R3 + yh/R3. Therefore, the effect of

2
interfacial tension would be nontrivial when ﬁ >~ (%) , suggesting that systems with ultrathin and ultrasoft membranes are

more likely to fall in the elastic wetting category. Such effect is especially significant in several small-scale blisters trapped by
biological and soft polymer membranes (see the 8th row of Table 1).

Substrate stiffness. In Section 5.1, we have derived a scaling law and verified numerically that the rigid substrate assumption could
provide a good approximation when ,Z‘—jgo <~ 0.1. This condition is not that limited as most blisters have t, <« Ro. Moreover, most

small-scale elastic wetting systems observed in experiments satisfy this criterion (see the 10th row of Table 1).

Nonlinear elasticity. Our analysis is based on both nonlinear elastic materials and nonlinear geometry, which we claimed to be
significant when the aspect ratio of the blister is greater than 0.2. To justify, we compare our results with the following two typical
membrane theories: the nonlinear membrane theory (without surface tension) and the Foppl-Hencky membrane theory (Hencky,
1915).

The conventional nonlinear membrane theory without surface tension is simply obtained by neglecting the interface energy term in
Eq. (11) (i.e., setting y;,, = 0 in Eq. (11)). The Foppl-Hencky membrane theory considers a small in-plane deformation but a relatively
large deflection for the bulged membrane (also without surface tension), as well as a linear constitutive law. Therefore, the radial and
hoop membrane tensions are expressed as

_ En Bty [du, 1(d2\®  u
N’*l—zﬂ(e’”eﬁ)*l—uz{dr+2(dr> AR (39)
and
Ety Ety [u, du, v(dz\’
Np = ) = s 25 | 40
0= Cotve) l—uz{r+vdr+2<dr>] (40)

2
respectively. Here E is the Young’s modulus, v is the Poisson’s ratio, ¢, = % + %<§ir‘) and ¢y = Y- are the two principle in-plane strain

components, u, and z are displacements in the e, and e, direction, respectively. Notably, the shear modulus of the membrane is defined
aspu = ﬁ where v = 0.5 for the incompressible membrane.
The out-of-plane and in-plane force equilibriums based on the Foppl-Hencky membrane theory are derived as (Wang et al., 2013)

d 1d
(41)
dN, N, —N,
+ L=o,
dr r

which can also be obtained through linearizing the constitutive law and the curvature in the nonlinear membrane theory, i.e. Eq. (11).
For simplification, we adopt a clamped boundary condition in calculations. Such a boundary condition for the nonlinear membrane
theory is shown in Section 2.4.2. For the Foppl-Hencky membrane theory, we consider

_ dz(0)

r(0) dr

Egs. (39)-(42) can be solved numerically by applying the shooting method as well. For comparison, we adopt the incompressible
Gent model with J;,, = 100, 200, and oo, where J,;, - oo denotes the incompressible neo-Hookean material in the nonlinear membrane
theory.

= u,(Ry) = 2(Ro) = 0. (42)
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Fig. 13. (a) Normalized pressure-aspect ratio curves obtained based on our elastic wetting theory (dash-dot curves) and two conventional mem-
brane theories without considering surface tension: the nonlinear membrane theory (solid curves) and the Foppl-Hencky membrane theory (dashed
curves). (b) Zoomed-in view of the red-boxed region in (a).

Fig. 13a plots the normalized pressure-aspect ratio relations comparing the three theories and Fig. 13b offers the blown-up view of
the red boxed region in Fig. 13a. We can see that the Foppl-Hencky membrane theory starts to deviate from the nonlinear membrane
theory without surface tension (i.e., « = 0) at the aspect ratio around 0.2. We, therefore, recommend that nonlinear elasticity and
geometric nonlinearity should be considered when the aspect ratio of the blister is greater than 0.2. Moreover, as shown in Fig. 13, once
surface tension is considered, the pressure-deformation relation is markedly affected, leading to a much higher pressure firstly, and
then a more rapid pressure drop, as deformation increases. Besides, for elastic wetting with Gent membranes (i.e., J,, = 100, 200) and
clamped boundaries, the N-shaped pressure-deformation relation is more visible in Fig. 13a than in Fig. 6a when the aspect ratio
instead of the volume is adopted by the former to quantify the deformation.

Conclusions

In this paper, we model and solve the elastic wetting problems in which a droplet is confined between a soft elastic membrane and a
rigid substrate at small scales such that the interplay between the interface energy and the elastic energy enriches the problem. We find
that the pressure acting on the membrane-confined droplet comes from a superposition of interfacial tension (described by Young-
Laplace equation) and membrane tension (controlled by nonlinear membrane theory). Though the pressure remains uniform, the
membrane tension varies spatially, modifying the droplet from being in a perfectly spherical cap shape. The membrane-substrate
interaction, together with the elastic and surface tensions, leads to a variety of scenarios at the contact line or the blister boundary.

This work tackles four typical boundary conditions - sliding, clamped, adhesive, and slippery boundaries. Our derivation yields two
dimensionless controlling parameters in this system: the elasto-capillary number that compares the membrane-liquid surface tension
with the membrane stiffness, and the effective contact angle that decays to Young’s contact angle when the membrane elasticity is
negligible. The essence of these complex behaviors at the contact line is explained by how the membrane tension and the elasto-
capillary number modify the effective contact angle to the elastic wetting contact angle. In the adhesive case (more likely to occur
in experiments), we discover that the elastic wetting contact angle is a stretch-independent constant. We therefore provide contour
plots for its dependency on the two controlling parameters, which further leads to a means to experimentally measure the interface
energies. We suggest that elastic wetting problems may follow the theoretical framework presented here when the elasto-capillary
number is comparable with the square of the aspect ratio of the blister. We discover that the rigid substrate assumption could be
satisfied when the membrane deflection is much larger than the substrate deflection, which is equivalent to uty/(u;Ro) <~ 0.1. We
advocate that nonlinear elasticity and geometric nonlinearity should be considered, especially when the aspect ratio is greater than
0.2. Table 1 exhibits experimentally practical parameters for the elastic wetting problems associated with biological materials, soft
polymers and 2D materials, where our theory is very relevant. Our theoretical framework for elastic wetting not only enables the
prediction of the blister profile and the Ap — V relation but also provides means to experimentally extract the inner pressure as well as
the interface and adhesion energies.
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Appendix A. Derivation of equilibrium equations and boundary conditions through energy minimization

In this section, we illustrate the derivation of the energy minimization procedure based on the calculus of variations. Firstly,
substituting Eqs. (4)-(7) and (9) into Eq. (8), one obtains

Ry 0 Ry Ry Ry )
= /27[t0RW(r7 ¥,z )dR + /2ﬂ:loRW(r, r)dR — Ap/ 27rr zdR + y,m/ 2ar\/ ¥ + 722 dR + 7, / 27rr dR + 7, /2ﬂ:rr’dR,
0 Ry 0 0 0 Ry
(A1)
which is rearranged as
Ry 0
MM=2rn [ FidR+2x / F,dR, (A.2)
0 Ro
where
Fi = tu0RW(r,r ) — Aprr 2+ 7,,r\[ P> + 22 + 17
Fy = to0RW(r, r,) + }/mrr/. (A.3)
If we user, 2,7, as the variation terms, based on Eq. (10), there is
R(; o
5H:2n'6/F|dR+2n5/F2dR:0, (A.4)
0 Rar
where Ry and R represent the left (inner) and right (outer) sides of the contact line R = Ry, respectively.
Furthermore, based on the principle of variation, there is
Ra R
_ oF, oF, oF, oF, _, _
5/F1dR7/<a 5 e 57 07 AR+ il 3Ry (A.5)
0 0
where
Ra RS
oF, _, oF, _\ OF, d oF,
[ Gerar =0 o (Ry) = G o)~ [ 5o
0 0
Ry Ry
oF, oF, _\ OF, d oF,
=—+|p-(62) (R, ) — =1,(62)(0) — — 6zdR. A.6
07 07 |R0(Z)( 0) 01"0( 2)(0) /dR o (4.6)
)
Similarly, there is
F F
/deR /(Q(s +25r)dR7F2\R§6RJ, (A7)
where
an 0F2 an 7 d 0F2
& —26rdR = 5 —— | (87)(00) — \R+ (6r)(Ry) — / R 9y OrdR. (A.8)
Ry Ry

Based on the above, we plug Egs. (A.5)—(A.8) into Eq. (A.4), yielding
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Ry

6F1 d 6F1 ()F] d aI?l
/((W‘@W)‘s”(a_z_ﬁa_z’)&)d'e

0

_ ,OF _\ OF .\ OF
+F ‘R(; OR, + Tr'llkg (6r) (RO ) + TZ/IIR’ (62) (RO ) - Tr”o(‘sr)(o)

0

o0

6F1 an d 0F2
G0+ [ (5 g )or)er

+
Ry

an
or

oF
~Falg 3Ry + 57 (67)(00) — 5 7l (8r) (R ) = 0. (A.9)

To satisfy Eq. (A.9), one obtains

oF_dor
or dRarli
VO<R<R,, (A.10)
o d oF _
0z dR o7
and
an dan
—_— = R>R;}. A.11
or dR or 0 VR=R ( )

In addition, plugging Eq. (A.3) into Eq. (A.10), one obtains

’

oW [ ow , ' [2, SR
to|:RW—<RW>}—AP[rZ_(VZ)]+71m{ 72‘*‘12_( ,Zr ,2)}:0
r Z

IO{R{)—W— (Ral,/) } — Aprr —Vzm(L) =0
oz o7 e

Similarly, plugging Eq. (A.3) into (A.11), one obtains

VO<R<R,. (A.12)

’

zo{Raa—VrV— (R‘;TW) } =0 VR>R]. (A.13)

Besides, based on Eq. (1), there is

Or RO A oh 0z a7 A oa

oW 1 0W oW _r oW oW 0 oW 7z W (A.14)

Now, combining with Eqs. (13) and (A.14), Eq. (A.12) can be rewritten as

fo {aw row (r’)'aW_Rr’ (aW

Ap=-—2 LR CALONY A (AL IS VRS
p=—1 D)5 R(5e) | -t

o[ ow/ Z\ oW\
Ap=22 S (RE) CRE(ZE) | -y, (k.
P =" [ 6/1,( /1,> z,(aa,” Yim (ks + Ko)

Similarly, Eq. (A.13) can be rewritten as

0dg A O
VO<R<R;. (A.15)

’

) —0 VR>R]. (A.16)

oW K oW (r')ldWiRr'(dW

0dg 4 0k \A) Ok A, \0h

By computing the difference between the two equations in Eq. (A.15) and then combining with Eq. (14), one obtains

dN,  F (N, —N, _
dRJrr(irgLo VO<R<R;. (A17)

Meanwhile, by computing the average between two equations in Eq. (A.15) and then combining with Eq. (14), one obtains

kN, 4+ koNog + 71 (kr +k9) + Ap =0 VO <R<Ry. (A.18)
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As we can see, Egs. (A.17)-(A.18) are the equilibrium equations at the inner side of the membrane-confined droplet, shown as Eq. (11).
Combining with Eq. (14), Eq. (A.16) is expressed as
dN, (N, — Np)

dR+f:0 V R>R{, (A.19)

which is the equilibrium equation at the outside of the membrane-confined droplet, shown as Eq. (12).
Now, the residual parts in Eq. (A.9) are considered as boundary terms, which is

_ 0F, _\ OF, _\ OF, oF,
F|, OR — R —— Ry) —— — — Fy| - 6RS
l‘R0 o t or . ((Sr)( U) + o7 " (51)( 0) or 0(5r)(0) o7 0(52)(0) 2|Rn ot
(A.20)
oF, oF,
P m(ﬁr)(oo) BT (6r)(Ry) = 0.
0
We know that
SRy = 8R{ = Ry, or(Ry) = 6r(Ry) = 6r0,8z(Ry) = 62(R§) = 6z,
(6r)(RS) = 6r(Ry) — ()| 0Rs = 6r0 — ()]s R0,
(62) (Ry) = 62(R) — ()| 0R5 = 620 — (2)|g:5Ro,
(6r)(0) = 6r(0) — r (0)30 = 0, (82)(0) = 62(0) — 2 (0)60 = 52(0),
(67)(c0) = 6r(c0) — r (00)5(00) = r(c0). (A.21)
Therefore, by plugging Egs. (A.3) and (A.21) into Eq. (A.20), one obtains
/ P . ow " ,
[IORW —Aprrz+y,r\/r+7° + ylsrr] ’Ro SRy + {IOR o Aprz + 71,”\//277 + }/,sr} . (ﬁro —(r )‘RH 5R0)
ow 7 / ow rZ
+{toR =+ 7| | (620 — (2)|z- R0 ) — |toR = + 7 ——e| | 52(0)— A.22
|:0 97 Vi m} Ra( 20 (Z )‘RO 0) |:0 97 Vi W} N Z( ) ( )

, ow
[toRW + 7,77 ] ‘RS SRy — {toR— + ymr] 6r(o0) = 0.

or

/ ow
<5}’0 — (r )‘R&’(SRO) + {lon‘i‘ }/,,,Sr]
0 ©©

Based on Egs. (1), (2), (14), (19), and (A.14), we simplify it as Eq. (17). By now, all the equilibrium equations and boundary conditions
are derived for elastic wetting.

Appendix B. Shooting method
We adopted shooting method to numerically solve the ODE system consisting of the equilibrium Eq. (11) and various boundary

conditions given in Section 2.4. Instead of solving 2nd order ODEs for z and r, we solve 1st order ODEs for Ay, 4,,2,¢. To do so, We plug
Eq. (2) into Eq. (13), yielding

Kr = —ﬂ, Ko = —w- (B~1)
Ar r
Combining with Eq. (B.1), Eq. (11) can be then rewritten as
A, sin
—(No + Vi) o T¢ + Apl,
¢ = .
NV + ylm
—cosgpd, (ON, N, —Np\  ON, 4y - (B.2)
/1’ _ R (M.g /19 Mg R
T ON,
0A,

Next, plugging Eq. (15) into Eq. (14), we express the in-plane membrane tractions for neoHookean materials in terms of principal
stretches as
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(R~ 1)

N;
2
. (B.3)
Ko (A22g - 1)
2
Similarly, for Gent materials, plugging FEq. (16) in Eq. (14), one obtains
_ —putod (A2 — 1)
" M+ BB+ —-3—1T,)
. (B.4)

B —putod (A20y — 1)
C Adg B2+ -3-U,)

Ny

A shooting method can be constructed using the terms {y1,y2,¥s, ¥4} = {40,2 /Ro, ®, 4.} as variables for the corresponding boundary
value problem. Based on Egs. (2) and (B.3), we have the computational equations based on the incompressible neo-Hookean material
model as

d __ YaCO8ys — yi

dR R
d .
ﬁ)& = —Yy4S1ny3
. B.5)
siny;  ApRy (
ya[yii = L+ ayiyi] == — =i
d vy = R Uty
dR (Ot — 1+ ayi)

i}% = Yi(ayi — 3)cosys —yayi (vivi — 3)
o Ry (i} +3)

whereR =R /Ro and a@ =y, /uto. Similarly, based on Eqgs. (2) and (B.4), the computational equations based on the incompressible Gent
material model are expressed as

d  yscosy; —yi
=YV — =<
dR R
d .
ﬁyz = —Y4SINy3
siny;  ApR
d et = 1+ aiyis] == — = —is
—yy=— R 240
dR v — 1+ ayiné) 7 (B.6)
d b 5yi (v3y} = 3)cosys — yay1 (y4y; — 3)
—=V4 = 3
dr > 2(vdi - 1)
Ry | (it +3)6+ =L~
{( i) Tuyiyi
203 09 = Yirih +2) (= yacosys + 1)
s 2
Ry, [yiy? (V7 +3)ud +2(viv7 — 1) }
where 6 =1— (I — 3)/Jn.
In addition, the initial conditions of Egs. (B.5) and (B.6) at R = 0 are summarized as
y1(0) =k, y2(0) =0, y3(0) = 0 and y4(0) = £, (B.7)

where k is varied until boundary conditions at R = 1 are satisfied. Notably, although the central height of a specific blister system (i.e.,
¥2(0)) is an unknown constant physically, assigning y»(0) = 0 is reasonable in computation because the value of y, is independent with

the computation of y3, y3 and y,. Besides, to avoid numerical singularity at R = 0, the solution procedure may start at a sufficiently
small value, i.e., R=ex 1, so that the initial conditions are reformulated as

yl(e) =k, y2(6> =0,
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Sk g (k)

Hio

vi(e) = 1+ akog(k) (B.8)

€, yae) =k,
where g(k) = 1 for neo-Hookean materials and g(k) = 1 — (2k® —3k* +1)/(Jk*) for Gent materials. Combining with boundary con-

ditions discussed in Section 2.4, the elastic wetting problem with neo-Hookean material can be resolved by computing Eq. (B.5); and
the elastic wetting problem with Gent material can be resolved by computing Eq. (B.6). The numerical solver is coded in Matlab using e

= 1075, which is based on a basic convergence study.
Appendix C. Numerical results for elastic wetting with Gent membranes

Figs. C1-C7.
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Fig. C1. Profiles of droplets confined by Gent membranes subjected to sliding boundary conditions. V/V, = 0.5 is prescribed while the elasto-
capillary numbers « is varying. Solid curves correspond to ¢y = 7/4 and dash-dot curves for ¢, = 37/4. The two red curves overlay.
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Fig. C2. The evolution of (a) the elastic wetting contact angle and (b) the aspect ratio of droplets confined by Gent membranes subjected to sliding
boundary conditions for ¢y = n/4 (dash-dot-dot curves), /2 (dashed curves) and 37/4 (solid curves) with various a. The arrows indicate a de-
creases from oo to 0. In (a), all the dashed curves and red curves (i.e., when EY =m/2 or @ = 0) collapse to the red solid line. In (b), all the red curves

(i.e., when @ = 0) collapse to the red solid curve.
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Fig. C3. Normalized pressure-deformation relations for elastic wetting with Gent membranes and sliding boundaries under various elasto-capillary
numbers a.
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Fig. C4. Normalized (a) free energy-deformation and (b) pressure-deformation relations for elastic wetting with a Gent membrane and an adhesive
boundary when a = 0.5 and g = —5 are given. The black and red curves represent configurations without and with edge delamination, respectively.
The solid curves represent the actual evolution pathways of free energy/pressure. The blue marker at the intersection of the black and red curves
highlights the critical volume-to-delaminate. (c) The growth of the blister profile under the adhesive boundary. The black and red parts represent the
sections of the membrane that are initially detached from or attached to the substrate before any liquid injection. In other words, the red parts are
delaminated membrane due to the increased liquid volume. For the two blister profiles labeled with “before delamination”, their prescribed volumes
are V/Vy, =0.3 and 0.9.
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Fig. C5. Contour plots of (a) the normalized pressure, (b) the normalized volume, (c) the elastic wetting contact angle, and (d) the aspect ratio in
a ~ f parametric space for elastic wetting with Gent membranes and adhesive boundaries.
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Fig. C6. Contour curves for z(0)/r; = 2 and ApR; /uto = 10 in & ~ f parametric space for elastic wetting with a Gent membrane and an adhe-
sive boundary.
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Fig. C7. Normalized (a) free energy-deformation and (b) pressure-deformation relations for elastic wetting with a Gent membrane and a slippery
boundary when @ = 0.5 and f = —5 are given. The black and red curves represent configurations without and with edge delamination, respectively.
(c) The growth of the blister profile under the slippery boundary. The black and red parts represent the sections of the membrane that are initially
detached from or attached to the substrate before any liquid injection. For the two blister profiles before delamination, their prescribed volumes are
V/Vp = 0.1 and 0.2. (d) Normalized hoop tension in the membrane with edge delamination of Ry = Rg, 1.5R,, and 2R,.
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