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A B S T R A C T

We revisit the adhesion problem of microbeams by considering thin elastic substrates and long-
range interfacial forces, inspired by recent experiments in flexible electronics and micro/nano
electromechanical systems (M/NEMS). Previously, this problem has been extensively analyzed
for rigid substrates using a Johnson–Kendall–Roberts (JKR) or Griffith-type adhesion criterion,
which involves applying a discontinuity condition across the adhesion front as a critical
boundary condition. Our study demonstrates that this critical adhesion condition can be
qualitatively altered when the substrate deformation is taken into account. We introduce a
single parameter to determine when the effect of substrate elasticity should be considered
or can be neglected. For structures at small scales, we replace the JKR-type jump conditions
with a smoothed interfacial law, specifically the Lennard-Jones potential in this work. We then
discuss the small-scale adhesion behavior of microbeams with thin deformable substrates and
examine how this behavior transitions back to Griffith-type adhesion as the system’s length scale
increases. These findings have direct implications for the design and reliability of M/NEMS and
microfluidic devices, especially those developed or encapsulated with deformable substrates.

. Introduction

The unintentional adhesion of mechanical and functional structures to substrates is a common cause of malfunction in
icro/nano-electro-mechanical systems (M/NEMS) [1,2]. This phenomenon, often termed stiction, frequently occurs in small-scale

lender structures such as microbeams, cantilevers, ultra-thin plates, and 2D crystals [3–5]. The underlying mechanism of stiction
s simply that the area-related adhesive forces become considerable enough compared to the volume-related elastic forces as the
mallest dimension of a structure (usually thickness) is below the millimeter level [3,4]. Although stiction has raised serious
eliability concerns in traditional MEMS [3], recent advances in MEMS, stretchable electronics [6], and microfluidics [7] have taken
dvantage of the stiction configuration to achieve specific functions, such as nano-switches [8], tough-down pressure sensors [9,10],
nd 3D buckled micro-architectures [11,12]. To either mitigate or exploit stiction in various applications, it is crucial to develop a
heoretical framework capable of predicting the stiction behavior of small-scale slender structures [3,13].

Extensive research has focused on the stiction problem involving rigid substrates [14–16], particularly examining the criteria
or stiction occurrence and the geometry of a stictioned structure on a substrate [17–21]. A common model involves an elastic
antilever positioned above a rigid substrate with a small gap. For instance, Mastrangelo and Hsu analyzed the mechanical stability
f such geometries under both capillary and adhesive forces acting at the structure–substrate gap, employing a JKR-type approach,
hich minimizes the total free energy by considering surface and interface energies [17,18]. Furthermore, Mastrangelo discussed

he adhering or detaching length of beams and plates with varying geometries in MEMS using this approach [19]. De Boer and
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Fig. 1. Adhesion of elastic microbeams/plates on thin, deformable substrates. (a) Schematic of a plate delaminating from a thin elastic film that is bonded to
a rigid substrate [32]. Given the slender geometry of the elastic film, it can be considered a Winkler foundation according to [33]. (b) Photograph of relevant
experiments in which an elastic plate is peeled from an elastic foundation. [34]; (c) Schematic of a typical 2D material-based electronic device (a field-effect
Schottky barrier transistor in this figure) where the functional 2D material plate is placed on top of other layered structures which can also be considered as a
transversely isotropic foundation [35]. Such a combined structure is often termed as heterostructure. (d) Optical image of a typical device with graphene/MoS2
reported in Ref. [36].

Michalske investigated the microbeam stiction problem using a Griffith-type approach, which evaluates the energy release rate of
the system — essentially identical to the JKR-type approach — and applied their analytical results to measure the adhesion of the
cantilever beam [20]. Similarly, Rogers et al. [22] calculated the energy release rate while accounting for the temperature effect
caused by heating during the sample preparation process. Jones et al. [21] characterized the adhesion of MEMS cantilevers subjected
to cyclic point loading, exploring the transitions between freestanding, arc-shaped, and S-shaped equilibrium configurations. Fang
et al. [23] considered both the bending energy and the nonlinear stretching energy induced by the transverse deflection of the
beam, discussing the impact of geometric nonlinearity on stiction. More recently, the regime diagram of the axisymmetric stiction
problem, arising from the interplay of bending, stretching, and pretension effects, has been discussed [24].

Apart from the JKR-type or Griffith-type approaches mentioned above, Glassmaker and Hui calculated the energy release rate
in the stiction system by changing the strain energy with an incremental advance in the crack length (the J integral) [25].
This perspective is situated directly at the adhesion or delamination front, resulting in a critical adhesive boundary condition
characterized by a jump in the beam’s curvature or bending moment [25]. Later, Majidi and coworkers performed a variational
analysis and obtained the same adhesive boundary condition, along with the governing equations for the stiction problem of beams
and elastica [26,27]. More recently, Kardomateas and colleagues have extended the J integral analysis of the energy release rate
for cantilever beam sandwich composite testing configurations under large deflections [28,29]. The JKR-type, Griffith-type, and J
integral approaches are fundamentally identical and can be considered ‘‘macroscopic’’ methods, as they all assume that the presence
of an interface can be solely characterized by adhesion energy. Alternatively, when the gap between the beam and substrate reaches
sub-micron scales, a Dugdale-type approach, specifically using a Lennard-Jones potential at the interface, appears more appropriate,
which has been discussed and validated with experimental results on graphite flakes by Liu et al. [30]. Wagner and Vella [31] further
demonstrated numerically that the stiction behavior calculated using the Lennard-Jones potential can consistently recover to the
behavior predicted by using the macroscopic jump boundary condition as the characteristic length scale of the system increases.

Although the stiction, adhesion, and delamination of slender structures on rigid substrates have been extensively studied from
various perspectives, the development of flexible electronics, microfluidic devices, and M/NEMS has increasingly utilized substrates
with certain degrees of deformability. As illustrated in Figs. 1a and 1b, a number of engineering systems have adopted a soft adhesive
or elastic coating on the rigid substrate [32,34,37]. At even small-scale systems such as van der Waals material based devices
(Figs. 1c and 1d), the functional plate is often placed on a layered (though anisotropic) foundation that is deformable [5,35,38–
40]. The introduction of deformable substrates has provided new opportunities in the design and performance of these systems and,
at the same time, raised a fundamental question regarding how substrate elasticity influences the stiction or adhesion behavior of
these structures. This issue has been discussed in the context of the substrate being an elastic or viscoelastic half-space [41–44].
However, the geometry of the deformable substrates illustrated in Fig. 1 is notably slender. While recent studies have addressed
similar problems, such as the peeling of a plate from a thin, incompressible substrate [32,45], it remains unclear how the presence of
a thin, compressible substrate would affect the curvature jump condition previously derived for rigid substrates [46]. Additionally,
2 
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Fig. 2. Schematic illustration and notation for the analysis. (a) The beam or plate, of bending stiffness 𝐵, adheres to a thin elastic layer characterized by shear
modulus 𝐺, Poisson ratio 𝜈, and thickness 𝑑. The left end of the plate is lifted with zero slope with a displacement 𝛿 and the interface is then delaminated with
 delamination length 𝓁. The deformations of the neutral axis of the beam and the top surface of the elastic layer are described by 𝑧 = 𝑤(𝑥) and 𝑧 = 𝑤𝑠(𝑥),
espectively. (b) Schematic illustration for the Dugdale-type model in which the beam–substrate interfaced is characterized by a smoothed interfacial law.

at small scales, such as those found in semiconductor devices, there exists a combined effect of long-range interfacial forces and
thin elastic substrates that, to the best of our knowledge, has yet to be fully investigated.

In this study, we focus on the adhesion problem of microbeams by examining the effects of thin elastic substrates and long-range
nterfacial forces. We pay particular attention to how these effects modify the adhesion conditions and behavior of the microbeam,
s well as the circumstances under which they can be neglected. The paper is organized as follows: In Section 2, we introduce a

Griffith-type model and a Dugdale-type model for addressing this adhesion problem. In Section 3, we discuss the results obtained
sing the JKR-type model. We show the existence of a characteristic bendoadhesive length in the delaminated region and show that
onsidering thin elastic substrates can introduce a new length scale in the contact region. We then introduce a transition parameter,
efined by comparing the length scales in the delaminated and contact regions, and show that this parameter can be used to connect
he results for elastic and rigid substrates. Section 4 focuses on the Dugdale-type model and the associated transition parameters.

Finally, we conclude with a summary of our main findings in Section 5.

2. Simple models

2.1. Griffith-type approach

We begin by examining a beam of bending stiffness 𝐵 adhered to a thin elastic layer from a Griffith-type perspective, as illustrated
in Fig. 2a. When a prescribed deflection, 𝛿, is applied at the left end (𝑥 = 0), we denote the beam deflection by 𝑤(𝑥) and the substrate
urface deformation by 𝑤𝑠(𝑠). Assuming perfect adhesion in the contact region, we have 𝑤 = 𝑤𝑠 for 𝑥 > 𝓁, where 𝓁 represents the
osition of the adhesion or delamination front. Applying linear beam theory, the governing equation of the problem can be expressed

as follows:

𝐵 d4𝑤
d𝑥4

+ 𝑝 = 0, (1)

for 𝑥 ⩾ 0, where 𝑝 is the distributed force acting on the beam, satisfying

𝑝 = 𝑘W𝑤(𝑥 − 𝓁). (2)

In the Griffith-type perspective, the distributed force exists only in the contact region (𝑥 > 𝓁) and is linearly proportional to the
substrate’s deformation with a constant stiffness 𝑘W. Therefore, the Heaviside step function  is used in Eq. (2).

We note that the constant 𝑘W is a physical parameter. For substrates of shear modulus 𝐺, thickness 𝑑, and Poisson’s ratio 𝜈,
Skotheim and Mahadevan have used an analogue of hydrodynamic lubrication theory to derive that [33]

𝑘W =
2(1 − 𝜈)
1 − 2𝜈

𝐺
𝑑
. (3)

This indicates that a thin substrate can be modeled as a Winkler foundation, which is composed of an array of independent springs
with a constant elastic stiffness 𝑘W. Note that this model can reduce to the rigid substrate case as 𝐺∕𝑑 goes infinite but cannot
ecover the elastic half-space [47,48]. The Winkler foundation model is suitable for describing the deformation of a compressible
3 
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thin elastic layer. However, it becomes invalid for complete or nearly incompressible elastomers with strong shear interactions, such
as commonly used rubber or polydimethylsiloxane (PDMS). In these materials, the deformation of the foundation is related to the
aplacian of the restoring force, leading to a sixth-order governing differential equation rather than the conventional uncoupled
ourth-order equation used in Winkler foundation models [49,50]. It also should be noted that the Winkler foundation requires a
arge slenderness of the substrate, i.e., the thickness of the substrate must be much smaller than the characteristic horizontal length
f the Winkler foundation. In addition, since the Winkler stiffness in Eq. (3) is obtained based on linear elasticity theory, we require

the defection of the substrate to be much smaller than its thickness in the contact domain. Note that recently Chandler and Vella [51]
showed that this foundation model remains accurate as long as the Poisson’s ratio is not too close to 0.5, i.e., 1 − 2𝜈 ≫ 𝑑2∕𝓁2

∗ , where
∗ is a horizontal length scale in the contacted region (to be discussed in the next section). Moreover, even when the substrate is
ransversely isotropic (as shown in Fig. 1c), it can still be treated as a Winkler foundation. In this case, the elastic stiffness is given
y

𝑘W = 𝐶33∕𝑑 , (4)

where 𝐶33 is an elastic constant for transversely isotropic materials, according to [52,53].
We can readily have a few natural boundary for the problem depicted in Fig. 2a, including

𝑤(0) = 𝛿 , 𝑤′(0) = 0, 𝑤(∞) = 0, 𝑤′(∞) = 0, (5)

where 𝑤′ denote d𝑤∕d𝑥. Unlike the case of a rigid substrate, where there is a jump in the beam curvature across the delamination
front [25–27], the presence of a deformable substrate mitigates this discontinuity. Specifically, continuity is maintained up to the
evel of the shear force in the beam across 𝑥 = 𝓁:

[[𝑤(𝓁)]] = [[𝑤′(𝓁)]] = [[𝑤′′(𝓁)]] = [[𝑤′′′(𝓁)]] = 0, (6)

where [[𝑓 (𝓁)]] denotes 𝑓 (𝓁+) − 𝑓 (𝓁−).
The final required condition should concern the energy required to advance the delamination, which, together with the adhesive

resistive of the beam–substrate interface, can determine the delamination length 𝓁. We then follow Griffith’s concept for linear
racture mechanics [54] and calculate the energy release rate  of the system by examining the instantaneous loss of total potential
nergy 𝛱 per unit delamination growth. As detailed in Appendix A, we find:

 = 1
2
𝑘W𝑤2|

|

|

|𝑥=𝓁
. (7)

Note that the energy release rate in the case of rigid substrate has been reported as:

Rigid =
1
2
𝐵 𝑤′′2|

|

|

|𝑥=𝓁
, (8)

according to [3,25]. Therefore, the presence of a deformation substrate improves the smoothness of the beam’s deflection from the
class of 𝐶1 to 𝐶3. In this work, we limit ourselves by overlooking the mode-mixity [38] and the interfacial imperfections [55–58]
and considering a constant critical energy release or adhesion energy 𝛾. It is obvious that real interfaces often exhibit various
imperfections, such as surface roughness, interfacial slip, and internal debonding, we acknowledge that these factors can influence
adhesion behavior. The impacts of such imperfections should be addressed in conjunction with experimental results for a more
accurate assessment. In this study, we focus on the effects of substrate elasticity and long-range interfacial forces on adhesion. By
assuming perfect adhesion, we can simplify our analysis and direct our attention toward understanding how these specific factors
influence the adhesion mechanics. Therefore, the last boundary condition to complete the problem is then

 = 𝛾 . (9)

2.2. Dugdale-type approach

For structures at small scales, the long-range interfacial interactions are expected to play a role [30,38,59]. Following the concept
of Dugdale or cohesive model in fracture mechanics, we replace the discrete beam–substrate interaction in Eq. (2) with retarded
London–van der Waals forces, taking the form of Lennard-Jones potentials [60]:

𝑝 = 9
2
𝛾
𝑠0

[

(

𝑠0
𝑤 −𝑤𝑠

)4
−
(

𝑠0
𝑤 −𝑤𝑠

)10
]

, (10)

where 𝑠0 is the equilibrium spacing at the atomic scale. It is noted that different potentials, such as the non-retarded Lennard-
Jones, Buckingham potentials, and registry-depended potentials may provide a more accurate description of the complex interfacial
interactions. However, we stick to Eq. (10) in this work which would allow for some analytical progress. With Eq. (10), separating
he beam from the substrate from equilibrium spacing to infinity requires an energy 𝛾 per unit area. In this Dugdale-type approach,

there is no clear delamination or adhesion front, as illustrated in Fig. 2b; therefore, we define the delamination length via the
osition where the substrate shows the largest surface deformation (labeled by the pink solid marker in Fig. 2b). Besides, the surface

deformation of the substrate no longer equals the deflection of the beam—they are through the distributed load 𝑝 given in Eq. (10):

𝑝 = 𝑘W(𝑤𝑠 + 𝑠0). (11)

Apparently, as the substrate becomes rigid (i.e., 𝑘 → ∞), 𝑤 approaches −𝑠 in the defined coordinate system.
W 𝑠 0

4 
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2.3. The transition to the steady state

The Griffith-type and Dugdale-type models presented here account for the spring-like deformation of the substrate, resulting in
qualitatively different boundary conditions compared to curvature jump conditions observed with rigid substrates. However, for a
prescribed end deflection 𝛿, we anticipate a significant delamination length 𝓁. It should be noted that the prescribed end deflection
𝛿 has been set small enough to ensure that the stored elastic energy in the delamination process is always dominated by bending
energy [61,62]. This setting makes the problem we considered here much like the bending-dominated blister test (such as in [63])
rather than the stretching-dominated peeling test (such as in [14,15]). In such case, the elastic energy stored in the substrate remains
nchanged upon advancing the delamination front, leading to a steady state where the substrate elasticity no longer plays a role in
etermining the energy release rate. Essentially, under the same critical energy release rate 𝛾, the results of both Griffith-type and

Dugdale-type model for deformable substrate should gradually converge towards the results of rigid substrates as 𝛿 or 𝓁 increases.
ence, a key question to be answered is by which parameter this transition takes place.

We will demonstrate that this transition parameter can be defined by comparing characteristic horizontal lengths within the
delamination region and the contact region. The relevant horizontal length scale in the delamination region 0 < 𝑥 < 𝓁 is relatively
traightforward since it is 𝓁 itself. A way to relate this length to more intrinsic properties of the system is to compare the elastic
nergy stored in the beam ∼ 𝐵 𝛿2∕𝓁4×𝓁 with the adhesion energy ∼ 𝛾×𝓁. This comparison leads to a bendoadhesive or elastocapillary
ength [3]:

𝓁ec =
(

𝐵 𝛿2∕𝛾)1∕4 . (12)

In fact, previous work on the same configuration, illustrated in Fig. 2a, but with rigid substrates, has shown [18,20]:

𝓁Rigid = 181∕4𝓁ec. (13)

The next task is to uncover the deformation characteristics of the beam in the contact region, taking into account the effects of
substrate elasticity and long-range interfacial forces, which will be the focus of the remainder of this paper.

3. Griffith-type model: Effect of the substrate elasticity

3.1. A Winkler length scales

We first address the length scales in the system with deformable substrates. There are two key horizontal length scales to consider:
ne in the delamination region (i.e., the elastocapillary length 𝓁ec already given in Eq. (12)) and the other in the contact region.

For 𝑥 > 𝓁, Eqs. (1) and (2) indeed suggest a Winkler length,

𝓁W =
(

𝐵∕𝑘W
)1∕4 . (14)

over which the beam deflects the elastic substrate. It is natural to compare the two horizontal length scales in the two regions:

𝐾W =
(

𝓁ec
𝓁W

)4
=

𝑘W𝛿2

𝛾
. (15)

This parameter can be thought of as the effective stiffness of the substrate, which is interestingly independent of the bending stiffness
of the beam. We then expect that for small 𝛾 or large 𝑘W or 𝛿, 𝐾W ≫ 1 and the calculated 𝓁 should approach 𝓁Rigid given in Eq. (13)

3.2. Non-dimensionalization

The primary interest is the delamination length under prescribed 𝛿. We then use 𝛿 and elastocapillary length 𝓁ec to rescale the
ystem. Specifically, we perform the following:

𝑋 = 𝑥∕𝓁ec, 𝑊 = 𝑤∕𝛿 , 𝑃 = 𝑝𝛿∕𝛾 , 𝐿 = 𝓁∕𝓁ec. (16)

We then obtain the dimensionless form of the problem

𝑊 ′′′′ +𝐾W𝑊 (𝑋 − 𝐿) = 0, (17)

for 0 ⩽ 𝑋 < ∞, subject to
𝑊 (0) = 1, 𝑊 ′(0) = 0, 𝑊 (𝑋 → ∞) = 𝑊 ′(𝑋 → ∞) = 0,

[[𝑊 (𝐿)]] = [[𝑊 ′(𝐿)]] = [[𝑊 ′′(𝐿)]] = [[𝑊 ′′′(𝐿)]] = 0, (18)

and a critical condition to solve for the delamination length
1
2
𝐾W𝑊 2(𝐿) = 1. (19)

Eqs. (17) to (19) complete the problem, which relies exclusively on the effective substrate stiffness 𝐾 defined in Eq. (15).
W

5 
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Fig. 3. Griffith-type modeling of the adhesion of the beam on a thin elastic substrate. (a) The dimensionless deflection of the beam for various effective substrate
stiffness 𝐾W. The solid curves represent the analytical given by Eqs. (20)–(22). The colored markers indicate the detachment fronts. The black dashed curve
denotes the result for a rigid substrate. (b) The dimensionless detachment length as a function of the effective substrate stiffness. The solid curve is plotted using
the analytical solution given in Eq. (23). The dashed curves are based on asymptotic results of the solution as 𝐾W → 2 (given in Eq. (24)) and 𝐾W → ∞ (given
in Eq. (25)). The markers represent results obtained using the finite element calculation discussed in Section 3.4.

3.3. Analytical solutions

The analytical solution to Eqs. (17) to (19) can be readily obtained with the boundary conditions in Eq. (18):

𝑊 (𝑋) =
(

𝑎1𝑋
3 + 𝑎2𝑋

2 + 1)(𝐿 −𝑋) + 𝑒𝜉(𝐿−𝑋) (𝑏1 sin 𝜉 𝑋 + 𝑏2 cos 𝜉 𝑋
)

(𝑋 − 𝐿), (20)

where 𝜉 =
(

𝐾W∕4
)1∕4, and 𝑎𝑖 and 𝑏𝑖 (𝑖 = 1, 2) are integration constants. We apply the matching conditions in Eq. (18) to obtain

𝑎1 =
2𝜉3

3 + 𝐿 𝜉 [3 + 𝐿 𝜉 (3 + 𝐿 𝜉)] , 𝑎2 = − 3𝜉2 (1 + 𝐿 𝜉)
3 + 𝐿 𝜉 [3 + 𝐿 𝜉 (3 + 𝐿 𝜉)] , (21)

and

𝑏1 =
(1 − 𝐿 𝜉) cos𝐿 𝜉 + (1 + 𝐿 𝜉) sin𝐿𝜉

1 + 𝐿 𝜉 [1 + 𝐿 𝜉 (1 + 𝐿 𝜉∕3)] , 𝑏2 =
(1 + 𝐿 𝜉) cos𝐿 𝜉 − (1 − 𝐿 𝜉) sin𝐿𝜉

1 + 𝐿 𝜉 [1 + 𝐿 𝜉 (1 + 𝐿 𝜉∕3)] . (22)

Finally, using the condition Eq. (19), we obtain an expression for the delamination length:

𝐿 =
(

4∕𝐾W
)1∕4 [𝐺(𝐾W) − 1] +𝐾1∕4

W ∕𝐺(𝐾W), (23)

where

𝐺(𝐾W) =
(√

1 −
√

2𝐾3∕2
W ∕4 − 1

)1∕3
.

The calculated deflection of the beam with different substrate stiffness 𝐾W are plotted in Fig. 3a (denoted by colored solid curves).
Also included are the corresponding delamination fronts (denoted by colored markers). As expected, the calculated results converge
to the rigid substrate limit denoted by the dashed curve as 𝐾W ≫ 1. Alternatively, we find a discernible substrate deformation
near the delamination front (see enlarged view in Fig. 3a). Such substrate deformation leads to a reduced delamination length of
the system (see the colored markers). Interestingly, we find that the delamination occurs or the problem has a solution only when
𝐾W ⩾ 2; otherwise the adhesion-caused substrate deformation can completely fill the gap prescribed by the end displacement 𝛿.

We further plot the analytical 𝐿 − 𝐾w relation given in Eq. (23) in Fig. 3b (denoted by solid curve). To gain a more explicit
understanding of the 𝐾W dependency of the delamination length, we seek an asymptotic solution to Eq. (23) by setting 𝐾W = 2 +�̃�W
with |

|

�̃�W
|

|

≪ 1. This gives

𝐿 = 2−3∕4(𝐾W − 2)1∕2 as 𝐾W → 2, (24)

which is also presented in Fig. 3b (the red dashed curve). Notably, Eq. (24) agrees with the full solution quite well even at 𝐾W ∼ 10.
However, as the effective substrate stiffness becomes very large, we need to seek the solution to Eq. (23) with 1∕𝐾W ≪ 1. This leads
to

𝐿 = 181∕4 − (

4∕𝐾W
)1∕4 as 𝐾W ≫ 1, (25)

which is plotted as the blue dashed curve in Fig. 3b. Note that 181∕4 is solution for rigid substrates (see Eq. (13)). These findings
demonstrate that 𝐾 can be used as a transition parameter to connect the results for elastic and rigid substrates.
W

6 
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3.4. Comparison with finite element analysis

We note the simple analytical solutions above are based on by assuming a spring-like response for the elastic substrate. The
validity of this assumption requires a large slenderness of the substrate, i.e., 𝑑 ≪ 𝓁W for the problem we consider [51], or

 =
(1 − 2𝜈)𝐵
(1 − 𝜈)𝐺 𝑑3 ≫ 1, (26)

in dimensional form. Therefore, though the controlling parameter 𝐾W in our problem is independent of the mechanical properties
f the beam, the bending stiffness of the beam is important in the accuracy of our analytical solutions. In addition, since the Winkler
tiffness in Eq. (3) is obtained based on linear elasticity theory, we require |𝑤| ≪ 𝑑 in the entire domain. Considering the maximum

deflection occurs at the delamination front, this requirement, according to Eqs. (7) and (9), can be satisfied by

 =
(1 − 2𝜈) 𝛾
(1 − 𝜈)𝐺 𝑑 ≪ 1. (27)

To further justify the results of the Griffith-type model, we employ a cohesive zone model to simulate this interface delamination
problem with finite element method (FEM) (see Fig. B.7). Following the experiments reported in [32], we adopt the properties of
he glass for the beam and polymeric films for the thin elastic substrate that is perfectly bonded to its bottom surface. A typical
ilinear cohesive law is used with 𝛾 = 40 mJ∕m2 (see more details in Appendix B) [64]. The substrate with shear modulus 𝐺 = 1 MPa,
hickness 𝑑 = 100 μm, and the beam with flexural rigidity 𝐵 = 5 × 10−3 N m are used in our computation. In this context,  ∼ 103
nd  ∼ 10−3, satisfying the requirements by Eqs. (26) and (27) simultaneously. We use different gap heights to tune the effective
tiffness of the substrate (𝐾W = 2.01, 2.05, 3, 7, 102 and 502). Excellent agreement is found between the FEM results (denoted by
he markers) and the Griffith-type model in Fig. 3b.

4. Effect of the long-range forces

4.1. Van der Waals length scales

For 2D material-based semiconductor devices illustrated in Fig. 1c, it is more appropriate to adopt the Dugdale-type approach
iscussed in Section 2.2 to understand the adhesion behavior of the beam. By introducing a Lennard-Jones type vdW potential
n Eq. (10), we eliminate the need to assume macroscopic delaminated and contact regions. Furthermore, long-range interfacial

traction introduces new length scales that warrant further discussion.
Firstly, similar to the Winkler foundation model for thin elastic substrates, the interfacial traction in Eq. (10) can be considered

as an array of independent, nonlinear springs. The linearization of such potential for |𝑤 −𝑤𝑠| ≪ 𝑠0 can also give a stiffness for the
dW springs:

𝑘vdW =
𝛾
𝑠20

, (28)

Along the line to reach the Winkler length 𝓁W in Eq. (14), we obtain a horizontal, vdW length:

𝓁vdW =
(

𝐵
𝑘vdW

)1∕4
=

(

𝐵 𝑠20
𝛾

)1∕4

. (29)

In addition, the vdW potential involves an intrinsic vertical length, namely the equilibrium spacing 𝑠0. Interestingly, when comparing
the vertical lengths in the ‘‘delaminated’’ region and the vdW region, we find

𝜇 =
(

𝓁ec
𝓁vdW

)2
= 𝛿

𝑠0
, (30)

which is conceptually identical to comparing the horizontal lengths in the ‘‘delaminated’’ region and the vdW region.
We may perceive 𝜇 as a transition parameter that characterizes whether the adhesion behavior of the systems is macroscopic

(𝜇 ≫ 1) or microscopic (𝜇 ≪ 1). However, 𝜇 alone is not exclusive, as the effect of the substrate elasticity has not been considered
yet. This can be illustrate by normalizing the vdW potential following Eq. (16):

𝑃 =
9𝜇
2

[

1

𝜇4
(

𝑊 −𝑊𝑠
)4

− 1

𝜇10
(

𝑊 −𝑊𝑠
)10

]

, (31)

where the substrate deformation 𝑊𝑠 ≠ 𝑊 in this Dugdale-type model is also part of the solution to be determined with the additional
inkler equation (11), which has the dimensionless form:

𝑃 = 𝐾W(𝑊𝑠 + 1∕𝜇). (32)
7 
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Fig. 4. Stiction of the plate with a rigid foundation at small scale described by the Dugdale-type model. (a) The solid curves are obtained by numerically
solving Eq. (34) subjected to Eq. (35) for various 𝜇. The colored markers indicate the detachment points for various 𝜇. The dashed line denotes the result of
the JKR-type model with a rigid substrate; (b) The solid curves represent the deflection of the plate for various 𝜇 at the defined contact region, where the 𝑦
axis is rescaled by the absolute value of 𝑤min and the 𝑥 axis is rescaled by the relative to 𝑥min by 𝓁vdW; (c) Evolution curve of detachment length L for various
𝜇 obtained from the Dugdale-type model with a rigid substrate, accompanied by the result of the JKR-type model.

4.2. The rigid substrate

We first focus on a limiting case where the substrate deformation is negligible so that 𝑤𝑠 ≡ −𝑠0 or 𝑊𝑠 ≡ −1∕𝜇 (Fig. 2b). According
to Eqs. (31) and (32), this requires 𝐾W ≫ 𝜇2, i.e.,

𝑘W ≫ 𝑘vdW or 𝑘W𝑠20 ≫ 𝛾 (33)

in a physical sense. The problem is then largely simplified as

𝑊 ′′′′ +
9𝜇
2

[

1
(𝜇 𝑊 + 1)4

− 1
(𝜇 𝑊 + 1)10

]

= 0, (34)

subject to
𝑊 (0) = 1, 𝑊 ′(0) = 0, 𝑊 (∞) = 0, 𝑊 ′(∞) = 0. (35)

In this simplified problem, 𝜇 does become the only transition parameter.
In Fig. 4a, we plot the calculated deflections of the beam for various 𝜇. It is evident that as 𝜇 increases, the deflection curves

approach the dashed curve calculated based on the Griffith-type model for rigid substrates, which involves solving the beam equation
with the jump condition described in Eq. (8). Additionally, similar to the adhesion behavior on an elastic substrate, the beam
exhibits a slight concave downward deflection due to the deformation of the vdW springs as the delaminated beam approaches the
8 
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Fig. 5. Experimental results on the detachment behavior of two-dimensional layered materials adhered to substrates with varying gap heights. The horizontal
axis represents the gap height, while the vertical axis shows the dimensionless detachment length. Circular markers correspond to experimental results for bilayer
graphene, and triangular markers represent three-layer (3L) graphene, both from Ref. [65]. Square markers indicate results for WS2 with different thicknesses
adhered to a SiO2 substrate, as reported in Ref. [8].

equilibrium spacing (see zoom-in view in Fig. 4a). The appropriate length scale to observe this concave shape is not 𝓁ec but rather
𝓁vdW instead. This can also be confirmed by linearizing the governing Eq. (34) as

𝑊 ′′′′ + 27𝜇2𝑊 = 0, (36)

suggesting that 𝑋 ∼ 𝜇−1∕2 or 𝑥 ∼ 𝓁vdW in the ‘‘contact’’ region. We define the location of the smallest downward deflection as 𝑥min
and the corresponding deflection as 𝑤min. In Fig. 4b, we re-plot the concave shape by rescaling the 𝑦 axis by the absolute value of
𝑤min and rescaling the 𝑥 axis relative to 𝑥min by 𝓁vdW, resulting in a master curve that confirms the deflection of the van der Waals
springs occurs over 𝓁vdW.

Unlike the decreased delamination length induced by Winkler springs as shown in Fig. 3b, nonlinear vdW springs appear to
increase the apparent delamination length as seen in Fig. 4a. To quantify this, we define the detachment front in the Dugale model
with rigid substrates as the point where the beam–substrate gap first reaches the equilibrium spacing 𝑠0, when subjected to the
prescribed 𝛿 at 𝑥 = 0. The delamination fronts are indicated by colored markers in Fig. 4a and summarized in Fig. 4c as a function of
𝜇. From a microscopic perspective on adhesion, a process zone of size 𝓁vdW is required for the interface to be considered delaminated
in this Dugdale-type model. When the size of this process zone is negligible compared to the characteristic length scale 𝓁ec, i.e.,

𝜇 ≫ 1

according to Eq. (30), the long-range effect of vdW force can be neglected. Consequently, the delamination length reverts to the
Griffith-type result for a rigid substrate 𝓁Rigid, as given in Eq. (13) and represented by the red line in Fig. 4c.

To further validate the transition from Dugdale-type to Griffith-type behavior from an experimental perspective, and to capture
the influence of long-range vdW forces, we have analyzed the experimental results from Refs. [8] and [65]. The relationship between
the dimensionless detachment length and the dimensionless height is presented in Fig. 5. The circular markers represent bilayer
graphene, and the triangular markers represent three-layer (3L) graphene from the experimental results in Ref. [65]. It is evident
that the height has a significant effect on the detachment length due to the strong long-range van der Waals forces at small gap
heights 𝜇 ∼ 1. The deviation between experimental results and our Dugdale-type model might be due to the unusual bending
stiffness of few-layer graphene and the complex interfacial interactions that cannot be captured by simple LJ-type potential [38].
Additionally, experimental results for tungsten disulfide (WS2) with various thicknesses adhered to a silicon oxide substrate (SiO2)
with a gap height of 48 nm have been analyzed [8]. It can be concluded that the dimensionless detachment lengths for various
thicknesses are close to the analytical result of the Griffith-type model i.e., 𝓁Rigid. As the gap height increases, the effect of the
long-range vdW forces weakens, leading to a transition from a Dugdale-type model to a Griffith-type model.

4.3. The deformable substrate

Finally, we consider microbeam adhesion by accounting for both substrate elasticity and long-range interfacial forces. Building
on the understanding developed in the previous subsections, we now discuss the characteristic horizontal length in the ‘‘contact’’
region. The connection of Winkler springs with vdW springs suggests an effective spring stiffness of

𝑘ef f =
27𝑘W𝑘vdW

𝑘W + 27𝑘vdW
. (37)

We added a prefactor of 27 here, according to the linearized vdW spring equation (36), to have a more precise description of the
vdW spring constant. As a result, the corresponding characteristic length can be obtained as

𝓁ef f =
(

𝐵
)1∕4

=

[

𝐵
(

𝑘W𝑠20 + 27𝛾)]1∕4

. (38)

𝑘ef f 27𝑘W𝛾
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Fig. 6. Stiction of the plate with a deformable substrate at small scale described by the Dugdale-type model. (a) The solid curves are obtained by numerically
solving Eq. (40) for various 𝐾W using 𝜇 = 1. The colored markers indicate the detachment points; (b) 𝜇 = 10; (c) The curves represent the deflection of the plate
for various 𝐾W at the defined contact region, where the 𝑦 axis is rescaled by the absolute value of 𝑤min and the 𝑥 axis is rescaled by the relative to 𝑥min by
𝓁ef f , the solid lines are the results obtained by using 𝜇 = 1 and the dashed lines are using 𝜇 = 10; (d) Comparison of the detachment length L of the JKR-type
model (solid curve) and the Dugdale-type model (colored markers) for various 𝐾w using 𝜇 = 1 and 10, respectively.

Clearly, 𝓁ef f → 3−3∕4𝓁vdW if Eq. (33) is satisfied and 𝓁ef f → 𝓁W vice versa. Comparing the elastocapillary length 𝓁ec with this effective
length in the contact region, we have

𝜇ef f =
(

𝓁ec
𝓁ef f

)4
=

27𝑘W𝛿2

𝑘W𝑠20 + 27𝛾 =
27𝐾W𝜇2

𝐾W + 27𝜇2
, (39)

which should be the combined transition parameter for the Dugale-type model of elastic substrates. It is also conceptually similar
to 𝐾W for Griffith-type model of elastic substrates in Eq. (15) when 𝑘W ≪ 𝑘vdW (or 𝐾W ≪ 𝜇2) and to 𝜇 for Dugale-type model of
rigid substrates in Eq. (30) when 𝑘W ≫ 𝑘vdW (or 𝐾W ≫ 𝜇2).

According to Eqs. (1), (10), (11), and the nondimensionalization (16), the problem in this Dugale-type model of elastic substrates
is to solve

𝑊 ′′′′ +𝐾W(𝑊𝑠 + 1∕𝜇) = 0,
2𝐾W

9𝜇2
(𝜇 𝑊𝑠 + 1) − 1

𝜇4
(

𝑊 −𝑊𝑠
)4

+ 1

𝜇10
(

𝑊 −𝑊𝑠
)10

= 0, (40)

subject to boundary conditions in Eq. (35), which depends on both 𝜇 and 𝐾W. We then plot numerically calculated deflections of
the beam for various 𝐾W using 𝜇 = 1 in Fig. 6a and using 𝜇 = 10 in Fig. 6b. Again, we observe a concave downward deflection of the
beam in the contact region and define the location of the smallest downward deflection as 𝑤min and the corresponding deflection as
𝑥min. Rescaling this downward deflection by 𝑤∕|𝑤min| and (𝑥−𝑥min)∕𝓁ef f give rise to a master curve for all calculated data (Fig. 6c),
suggesting that the effective length 𝓁ef f perfectly characterizes the horizontal length scale in this problem.

The delamination front 𝑋 = 𝐿 is defined by the position where the substrate shows the maximum surface deformation, as
illustrated in Fig. 2b. We present the delamination lengths for a range of 𝐾W and two particular values of 𝜇 (1 and 10) in Fig. 6d.
Based on the previous discussion, we may treat 𝜇 as a transition parameter between microscopic and macroscopic adhesion behavior,
𝐾W as a transition parameter between elastic and rigid substrates, and 𝜇ef f as a combined transition parameter toward the rigid
substrate with macroscopic adhesion behavior. This can be further confirmed by the results (denoted by markers) for the Dugdale-
type model with elastic substrates in Fig. 6d: A large 𝜇 is required for them to approach the Griffith-type model with elastic substrates
(the solid curve given by Eq. (23)), while both large 𝜇 and 𝐾W are needed to ensure a large 𝜇ef f , allowing them to approach the
Griffith-type model with rigid substrates 𝓁 = (18)1∕4𝓁ec given in Eq. (13) [18,20]. For example, in the case of a commonly used elastic
substrate like PDMS (with a shear modulus of ∼ 1 MPa and a thickness of 1 μm), the transition from Dugdale-type to Griffith-type
adhesion occurs when the gap height reaches approximately 1 μm. Similarly, for two-dimensional layered materials (with an elastic
modulus of ∼ 30 GPa and a thickness of 1 nm), the transition occurs when the gap height reaches around 1 nm.
10 
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5. Conclusion

In this study, we explored the adhesion behavior of microbeams on elastic substrates, focusing on the impact of substrate elasticity
and long-range interfacial forces. We developed and analyzed Griffith-type and Dugdale-type models to understand the critical
adhesion conditions and behavior. We found that all these models could converge to the well-studied classical stiction problem with
a rigid substrate via a defined transition parameter. This parameter encompasses two length scales: the characteristic bendoadhesive
or elastocapillary length in the delaminated region, and either the Winkler length, van der Waals length, or a combined length,
epending on the specific effects of substrate elasticity and long-range interfacial forces. We found that substrate deformation could

decrease the delamination length, while the use of long-range interfacial forces increased the apparent delamination length. Although
our results focused on a simple configuration illustrated in Fig. 2, we expect that the theoretical framework developed to address
the impact of substrate elasticity and long-range interfacial forces can readily extend to various other configurations in engineering
systems such as micro/nano-electromechanical systems, micro/nano-fluidics, and wearable electronics involving soft adhesive layers
or very small length scales.

The relatively simple framework of our Griffith-type and Dugdale-type models has facilitated the exploration of a few critical
spects of the delamination of beams from elastic substrates. However, our analysis does not account for a number of failure
echanisms that can occur during delamination in practice. For example, complex three-dimensional failure modes, such as fingering

nstabilities, internal debonding, and unstable crack propagation [66,67], may arise during the delamination process. Additionally,
the adhesive layer such as polymers and the microbeam such as graphite can exhibit plastic, poroelastic, and viscoelastic behaviors
ear the crack tip, which can significantly affect the delamination criterion [68,69]. These factors cannot be captured by the simple
odels used in this work.
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Appendix A. Energy release rate

Based on the Griffith’s concept for linear fracture mechanics, for the beam on an elastic substrate under displacement-controlled
conditions (i.e., prescribed end displacement illustrated in Fig. 2a), we can write the total potential energy of the system as

𝛱 = 𝑈𝑓 + 𝑈𝑠, (A.1)

where

𝑈𝑓 = ∫

∞

0

1
2
𝐵 𝑤′′2 d𝑥

is the bending energy stored in the beam, and

𝑈𝑠 = ∫

∞

𝓁

1
2
𝑘W𝑤2

𝑠 d𝑥

is the elastic energy stored in the substrate. To calculate the energy release rate, we apply the variational principle to the total
energy 𝛱 with movable 𝓁: 𝛿 𝛱 = 𝛿 𝑈𝑓 + 𝛿 𝑈𝑠. Integration by parts leads to

𝛿 𝑈𝑓 =∫

𝓁

0
𝐵 𝑤′′′′𝛿 𝑤 d𝑥 + ∫

∞

𝓁
𝐵 𝑤′′′′𝛿 𝑤 d𝑥+

𝐵 𝛿 𝑤′𝑤′′
|

𝓁
0 − 𝐵 𝛿 𝑤𝑤′′′

|

𝓁
0 + 𝐵 𝛿 𝑤′𝑤′′

|

∞
𝓁 − 𝐵 𝛿 𝑤𝑤′′′

|

∞
𝓁 + 1

2
𝐵 𝑤′′|

|

|

|𝓁−
𝛿𝓁 − 1

2
𝐵 𝑤′′|

|

|

|𝓁+
𝛿𝓁,

(A.2)

and

𝛿 𝑈 =
∞
𝑘 𝑤 𝛿 𝑤 d𝑥 − 1𝑘 𝑤2

| +𝛿𝓁. (A.3)
𝑠 ∫𝓁 W 𝑠 𝑠 2 W 𝑠 𝓁
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Fig. B.7. (a) Schematic illustration of the model in finite element simulations; (b) A bilinear traction–separation law is used to characterize the delamination
f the interface.

By setting 𝛿 𝑤 ≠ 0 for 𝑥 < 𝓁 and 𝛿 𝑤 = 𝛿 𝑤𝑠 ≠ 0 for 𝑥 > 𝓁, we arrive at the equilibrium Eqs. (1) and (2). According to the chain rule,
e have 𝛿 𝑤|𝓁 = 𝛿 𝑤 (𝓁) −𝑤′ (𝓁) 𝛿𝓁 and 𝛿 𝑤′

|

|𝓁 = 𝛿 𝑤′ (𝓁) −𝑤′′ (𝓁) 𝛿𝓁. Together with natural matching conditions given in Eq. (6), we
find that

𝛿 𝛱 = − 1
2
𝑘W𝑤2|

|

|

|𝑥=𝓁
𝛿𝓁. (A.4)

The energy release rate can be immediately calculated by

 = − 𝛿 𝛱
𝛿𝓁

, (A.5)

giving Eq. (7) in the main text. It should bed note that following the JKR-type approach, we can write the total free energy as

 = 𝑈𝑓 + 𝑈𝑠 + 𝛾𝓁. (A.6)

We can also obtain the adhesion condition given in Eqs. (7) and (9) by minimizing the total free energy.

Appendix B. Finite element analysis

The simulation can be performed in commercial finite element software (such as ABAQUS). The geometry of the beam and the
substrate is constructed with 10 × 0.2 × 0.13 mm3 and 10 × 0.2 × 0.1 mm3, respectively. The beam and substrates are isotropic elastic
materials, where their shear moduli are set 104 MPa and 1 MPa, respectively. The cohesive elements are used to initially bond the
beam and the substrate together. A typical bilinear cohesive law is used in the finite element simulation with normal peak traction
𝑇𝑐 = 0.1 MPa, the slope 𝐾 = 104 MPa∕mm. The interface fracture energy is set as 𝛾 = 40 mJ∕m2 according to Ref. [33]. The maximum
ominal stress criterion is adopted to describe the initiation of the damage and the energy-based evolution is used to describe the
amage process. Different gap heights at left end of the beam are used in order to achieve various detachment lengths. It is important
o mention that the critical fracture energies in the shear directions have been set to a sufficient level to ensure the fracture behavior
s dominated by the normal deformation (see Fig. B.7).

Data availability

Data will be made available on request.
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